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Chapter 1

Vectors and Matrices

Often, in dealing with real-word problems, we are immediately met with large amounts of data and
information. Even an activity as simple as baking a cake requires many ingredients and steps that
must be completed in careful order, and the complexity of a task may grow exponentially as the
number of inputs increases. One way to efficiently organize data is according to rows and columns
in what we will refer to as vectors and matrices. We will demonstrate in this chapter that vectors
and matrices admit an arithmetic that yields a highly sophisticated and widely applicable theory.

1.1 Real n-Space

Consider the set R consisting of real numbers. Like usual, we may geometrically realize R as a line
(the real number line) consisting of points x that lie a distance of |z| from the origin 0 for each
real number x. Explicitly, the point 7 lies 7 units to the right of the origin, whereas the point —e
lies e units to the left of the origin. Given any pair of real numbers a < b, the distance between the
points a and b along the real number line is given by the length of the closed interval [a, b]; we learn
in Calculus I that this distance is exactly the real number b — a. Consequently, the real numbers
R admit a notion of geometry since we can conceive of things like lines and distances. Below is a
visual representation of the real number line with the points —e, 0, and 7 plotted for reference.

L 4
—e 0 ™ R

Observe that forward and backward are the only two directions along the real number line, hence
the geometry of R is in this sense quite simple. On the other hand, suppose that we want to keep
track of both east-west movement and north-south movement. Given that an object lies x units from
the origin in the east-west direction and y units in the north-south direction, we may canonically
express this data as an ordered pair (z,y). Explicitly, if a particle lies 1 unit west and 2 units north
of the origin (0,0), then it lies 1 unit to the left of the origin on the z-axis and 2 units north of the
origin on the y-axis; the location of the particle in this case can be written as the ordered pair (—1, 2).
We refer to the collection of all ordered pairs of real numbers (z,y) as the Cartesian product
R X R of the real numbers with itself, i.e., we have that RxR = {(x, ) | x and y are real numbers}.
Graphically, the totality of points in R x R form a plane, so R x R is often called the Cartesian
plane. Conventionally, the Cartesian plane is denoted by R? and referred to also as real 2-space.
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)
e (0,2)
T Lo 0.0 @

Going one step further, let us keep track of east-west, north-south, and up-down movements.
Explicitly, if  measures the location of a particle in the x-axis; y measures the location of a particle
in the y-axis; and z measures the location of particle in the z-axis, then the ordered triple (z,y, 2)
conveniently encodes this information. Like before, if the particle lies 3 units east of the origin, 3
units north of the origin, and 2 units above the origin, then the particle’s location is determined
by the ordered triple (3,3,2). We denote by R? the collection of all ordered triples of real numbers,
i.e., we have that R* = {(z,y, 2) | ,y, and z are real numbers}; we refer to R? as real 3-space.

(0,0,2) &

Once and for all, if n is a positive integer, then we will denote by R"™ the collection of all n-tuples
of real numbers, i.e., we have that R" = {(z1,zs,...,2,) | 1,22, ..., x, are real numbers}. We will
typically use a capital letter X to denote a real n-tuple (z1, zs, ..., x,). We refer to the real number
x1 as the first coordinate of X; we refer to the real number x5 as the second coordinate of X; we
refer to the real number x,, as the nth coordinate of X; and in general, the real number z; is called the
1th coordinate of X for each integer 1 < i < n. Every point in real n-space is uniquely determined by
its coordinates: indeed, if we consider any pair of points X = (z1,xs,...,2,) and Y = (y1,y2, .- -, Yn)
such that (x1,2z9,...,2,) = X =Y = (y1,¥2, ..., Yn), then each of the coordinates on the left-hand
side must be equal to the corresponding coordinate on the right-hand side, i.e., we must have that
x; = y; for all integers 1 <1 < n. Even though it is not possible to geometrically visualize points in
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real n-space for any integer n > 4, it is still meaningful to discuss this notion. Explicitly, every set
of data consisting of n distinct real parameters induces an element of real n-space R".

Continuing from a geometric perspective, it is useful to distinguish between points and vectors
in real n-space. Explicitly, we may view the vector x = [z1, 9, ..., x,] corresponding to the point
X = (x1,2,...,x,) in real n-space as a ray (or arrow) emanating from the origin and extending
to the point (zy,s,...,,). Explicitly, the vector x = [1,2,3,4] of R* can be represented by the
ray extending from the origin (0,0,0,0) to the point (1,2,3,4) in R%. We refer to the vector x
in this case as lying in standard position. We will come to find that despite the mathematical
equivalence of points X and vectors x in real n-space, the benefit of this distinction is that vectors
in real n-space are translation-invariant and possess a notion of length. Often, we will restrict our
attention to the Cartesian plane R? or real 3-space R3, where we can visualize these vectors.

Y Y

4 4

Geometrically, we may prescribe the arithmetic of vector addition as follows: to determine
the vector sum x + y pictorially, visualize x and y as rays emanating from the origin; translate y
so that the “foot” of y lies at the “head” of x; and draw the ray emanating from the “foot” of x to
the “head” of y. Equivalently, one could also determine x + y by translating x so that the “foot”
of x lies at the “head” of y and subsequently drawing the raw emanating from the “foot” of y to
the “head” of x. Either way, the resulting vector sum can be pictured as follows.

We refer to the process of computing the vector sum x + y in this manner as the Parallelogram
Law because the resulting diagram forms a parallelogram. We will in no time describe the algebraic
operations of vector addition and scalar multiplication, but for now, we note that for any vector
x emanating from the origin to a point X in real n-space, the point —X is obtained from X by
taking the coordinates of X with opposite sign. Explicitly, if we assume that X = (1, z9,...,2,),
then —X = (—xy, —x9,..., —x,). By identifying the vector —x in standard position with the ray
emanating from the origin to the point —X, we find that —x is nothing more than x in the “opposite
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direction.” Consequently, translating —x so that it overlaps x, the “head” of —x lies at the “foot”
of x and vice-versa. We may in this way describe vector subtraction pictorially as follows.

Even more, scalar multiplication of a vector x by a real number (or scalar) « can be visualized
by taking the vector ax as the ray emanating from the origin with length |a| times the length of
X in the same direction of x if « is positive and in the opposite direction if « is negative. We
will henceforth say that two vectors x and y in real n-space are parallel if there exists a nonzero
real number « such that y = ax. We will say that x and ax have the same direction if a > 0;
they have the opposite direction if o < 0; and the vector 0 corresponding to the origin has no
direction. Certainly, a pair of vectors in real n-space need not be parallel, hence in general, it might
not be possible to say that an arbitrary pair of vectors have the same or opposite direction.

Until now, we have considered vectors in real n-space from a primarily geometric standpoint
by way of diagrams and visualizations; however, this might very well come across as unsatisfactory
to some readers for several reasons — not least of all that it is difficult to draw vectors in three-
space and impossible to picture vectors with more coordinates than that. Bearing this in mind,
we turn our attention to an algebraic description of vectors in real n-space. We will to this end
represent vectors v and w in real n-space according to their coordinates. Explicitly, we will write
v = [v1,09,...,0,] for some positive integer n and real numbers vy, v, ..., v,. Given any positive
integer m and any real numbers wy, wy, ..., Wy, the vectors v and w are equal (i.e., v.=w) if and
only if m = n and w; = v; for each integer 1 < ¢ < n. Concretely, a pair of vectors expressed in
terms of their coordinates are equal if and only if (1.) the number of coordinates of the vectors is the
same and (2.) the corresponding coordinates of the vectors are the same. We reserve the notation
0 for the zero vector whose coordinates are all zero, i.e., 0 = [0,0,...,0]. Crucially, all though we
will indiscriminately use the symbol 0 to denote the zero vector in all contexts, it is important to
realize that the zero vector in real n-space differs as n ranges across all positive integers.

We define vector addition and scalar multiplication coordinatewise. Explicitly, for any vectors

v = [v1, V9, ...,0,] and W = [wq, ws, ..., w,| in real n-space and any real number «, we declare that
v+ w = [v] + wy, vy + wo, ..., v, +w,] and
av = [avy, avg, ..., avy).

Consequently, it follows that vector subtraction is carried out componentwise, as well.
V—W = [0 — W,V — Wa,...,V, — Wy

Example 1.1.1. Consider the vectors u = [1,1,—1], v = [1,2,3], and w = [0,—2,—2] in real
3-space. Observe that u+v = [2,3,2], —w =[0,2,2], v—w = [1,4,5], and 3u = 3,3, —3].
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Example 1.1.2. Observe that the vectors u = [1,0, —1] and v = [-3,0, 3] are parallel because we
have that v = —3u, hence u and v have the opposite direction; however, the vector w = [—1,1, 1]
is not parallel to either u or v. (We will soon see that it is in fact perpendicular to u and v.)

Considering that vector addition and scalar multiplication in real n-space are determined by the
coordinates of the underlying vectors, the following proposition should not come as a surprise.

Proposition 1.1.3 (Properties of Vector Arithmetic in Real n-Space). Consider any vectors u, v,
and w in real n-space and any real numbers o and 3. We have that

1.) wector addition is associative, i.e., (u+Vv)+w =u-+ (v+w);
2.) wvector addition is commutative, i.e., v+ W =W + v;

3.) the zero vector 0 is the additive identity, i.e., v+ 0 =v;

>

the additive inverse of v is —v, i.e., v+ (—v) = 0;

ot

scalar multiplication is associative, i.e., a(fv) = (af)v;

)
)
)
)

6.) scalar multiplication is distributive across vector addition, i.e., a(v +w) = av + aw;

7.) scalar multiplication is distributive across scalar addition, i.e., (a+ f)v = av + fv; and
8.) the multiplicative identity 1 preserves scale, i.e., 1v =v.

Proof. Each of the above properties can be verified directly by listing the coordinates of the vectors
u, v, and w and performing the vector addition and scalar multiplication coordinatewise. O

Example 1.1.4. Consider the vectors u = [1,2,5], v =[—1,3,4], and w = [3, 1, 6] in real 3-space.
We can compute 3u — 5(v — w) according to the

3u—5(v—-—w)=3u—5v+iw
— 3[1,2,5] — 5[—1,3,4] + 5[3,1, 6]
— [3,6,15] + [5, —15, —20] + [15, 5, 30]
— [23, —4, 25]

We could alternatively computed the vector difference v—w = [—4, 2, —2] and proceeded as follows.
3u—5(v—w)=3[1,2,5] — 5[—4,2,—2] = [3,6, 15] + [20, —10, 10] = [23, —4, 25]

Either way, we obtain the same coordinates for the vector 3u — 5(v — w), as expected.

We refer to the vector 3u—5v+5w in Example as a linear combination of the vectors u,
v, and w. Generally, for any vectors vy, vy, ..., v in real n-space and any scalars oy, s, . . ., ag, we
refer to the vector ay vy + aava + - - - + a4 vy as the linear combination of vy, va, ..., v, with scalar
coefficients oy, as, ..., a;. Later, these vectors will become a critical object of study; however,
for now, it is important to note that every vector v in real n-space can be written uniquely as a
linear combination of the standard basis vectors e; whose ith coordinate is 1 and whose other
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coordinates are 0 for all integers 1 < ¢ < n. Concretely, there are two standard basis vectors in real
2-space: they are e; = [1,0] and e; = [0, 1]. Likewise, there are three standard basis vectors in real
3-space — namely, e; = [1,0,0], eo = [0,1,0], and e3 = [0, 0, 1]. Observe that

[v1, V2, v3] = [v1,0,0] 4 [0, v5,0] 4 [0,0,v3] = v1[1,0,0] + v2[0, 1, 0] + v3[0, 0, 1] = vie; + voes + vzes

yields an expression of the vector [vy, vg, v3] as a linear combination of the standard basis vectors ey,
e, and e3 with scalar coefficients corresponding to the coordinates of v. By analogy, this process
can be carried out for any vector in real n-space with respect to the standard basis e, es, ..., e,.

Example 1.1.5. Consider the vectors u = [1,2,5], v =[—1,3,4], and w = [3, 1, 6] in real 3-space.
Let us verify that w is a linear combination of u and v. By definition, we must find real numbers
a and [ such that w = au + fv. Expressing this relation in terms of coordinates yields that

3,1,6] = w = au+ v = all,2,5] + 5[—1,3,4] = [ — B,2a + 36, ba + 4],

so it suffices to solve the induced system of equations with three equations and two unknowns.

a—pF=3
20+ 38 =1
ba+48 =6

By the first equation, it follows that o = 3+ 3; substitute this into the second equation to find that
1=2a+38=2(+3)+38=58+6,
hence we conclude that § = —1, from which it follows that o = 2. We conclude at last that
3,1,2) =w =2u—v =2[1,2,5 — [-1,3,4].

We remark that the third equation ba + 4 = 6 was not required to solve this system.

Geometrically, linear combinations of vectors give rise to lines, planes, and hyperplanes. Explic-
itly, given any nonzero vectors v and w in real n-space, the collection {av | a € R} of all possible
linear combinations of v is called the line along v, and the collection {av + fw | «, 5 € R} of all
possible linear combinations of v and w is called the plane spanned by v and w.

Y, )

R‘




1.2. VECTOR MAGNITUDE AND THE DOT PRODUCT 11

Example 1.1.6. Consider the vectors v = [1,3] and w = [3, 1] in real 2-space. By definition, the
line along v is given by the collection of points («, 3a) such that « is a real number. Consequently,
the points (0,0), (3,9), and (—2, —6) lie on the line along v; however, the point (2,2) does not lie
on this line: indeed, the point (2, 2) lies on the line along v if and only if there exists a real number
a such that (2,2) = («, 3«) if and only if @ = 2 and 3« = 2. Because this is impossible, the point
(2,2) does not lie on the lie along v. We say in this case that the system of equations

a=2
3a =2

is inconsistent because there is no real number « for which both equations hold.

Likewise, if we wish to determine if the point (12,12) lies in the planned spanned by v and w,
we seek real numbers o and f such that [12,12] = av + pw = «[1, 3] + ([3,1] = [a + 35, 3a + 5],
hence we must solve the induced system of equations with two equations and two unknowns.

a+36 =12
3o+ [ =12
Like before, if we substitute § = —3a + 12 from the second equation into the first equation, then

12=a+38=a+3(-3a+12) = —8a + 36

implies that —8a = —24 so that a = 3, from which it follows that g = 3.

By altering the presentation of our vectors from rows to columns, the relationship between linear
combinations of vectors and systems of linear equations becomes all the more evident: by expressing
the vectors v = [1,3] and w = [3, 1] of Example as column vectors, the containment of a point
(x,y) within the plane spanned by v and w can be determined by solving the vector equation

r| e 3 |a+3B
oo =al <o - 7]
Comparing the rows of the vectors on the left- and right-hand sides of this equation with the real

numbers x = 12 and y = 12 yields the system of equations from Example
By analogy to lines and planes spanned by vectors in real n-space, given any nonzero vectors

Vi, Vo, ..., Vg in real n-space, the collection of all possible linear combinations of vy, vs, ..., v, forms
a hyperplane called the span of the vectors v, v, ..., vy and denoted by
span{vy, vo, ..., vi} = {aqvi + aavo + - - + gV | aq, o, . . .,y are real numbers}.

We will return to discuss the notion of span in greater detail in Section

1.2 Vector Magnitude and the Dot Product

Our aim throughout this section is to systematically develop the theory of Euclidean geometry in
real n-space that was suggested peripherally (and perhaps unsatisfactorily) in the previous section.
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We begin with a notion of distance. Given any points X = (z1,...,z,) and y = (y1,...,y,) in real
n-space, we define the distance between X and Y as the following real number.

AX,Y) =/ (x1 =)+ + (20 — yn)?

Consequently, the distance from the origin O = (0,0,...,0) to the point X is denoted as follows.
d(X,0) =/ai+ -+

We note that this definition of distance is merely a generalization of the length of the hypotenuse
of the right triangle formed by the x-axis, the y-axis, and a point in the Cartesian plane: indeed,
if we could visualize the right triangle formed by the origin of R", the point (z1,...,z,_1,0), and
the point X = (z1,...,2,_1,2,) in R, then the length of its hypotenuse is precisely d(X, O).
Consider the vector x = [z1,. .., ;] lying in standard position in real n-space. Geometrically, x
can be viewed as the ray emitting from the origin to the point X = (z1,...,x,), hence the length
of the vector x is precisely the distance from the origin O to the point X, i.e., the length of x is

Il = d(X,0) = fod + -+ a2,

Often, we will rather refer to the quantity ||x|| as the magnitude or norm of the vector x.

Example 1.2.1. Consider the vectors u, v, and w from Example . Computing the magnitudes
of each vector yields [[u+v|| = v/22 + 32 + 22 = /17 and ||-w|| = V0% + 22 + 22 = 2/2 = ||w| and
13x|| = /32 + 32 + (=3)2 = 3v/3 = 3||x]|; these last two examples indicate a general phenomenon.

Proposition 1.2.2. Consider any positive integer n and any vector x = [x1, ..., x,] in real n-space.
1.) We have that ||x|| = 0 if and only if x is the zero vector.
2.) We have that ||ax|| = |al|||x]|| for all real numbers c.

Proof. (1.) By definition, we have that ||x|| = /2% + -+ - + 22 = 0 if and only if 23 + - -- 4+ 22 = 0.
Clearly, if x is the zero vector, then #; = -+- = z,, = 0 so that 22 + -+ + 22 = 0> +--- + 02 = 0.
Conversely, if x is a nonzero vector, then its ith coordinate x; must be nonzero for some integer
1 < ¢ < n. Considering that the square of a nonzero real number if a positive real number, we
have that 22 > 0. Even more, the square of any real number is non-negative, hence we have that
|x[|? =23 + - + 22 > 22 > 0. We conclude that ||x|| must be nonzero if x is nonzero.

(2.) We define ax = afxy,...,z,] = [axy, ..., az,]. Consequently, the definition of magnitude

vields [lox|| = \/(ax1)? + -+ + (0@n)? = V/a2(af + -+ 24)? = [alV/2i + -+ 27 = ol [x]. O

Conventionally, vectors of magnitude 1 are referred to as unit vectors. By Proposition ,

it can be shown that every nonzero vector x gives rise to a unique unit vector mx.
Corollary 1.2.3. FEvery nonzero vector x of R™ induces a unit vector ﬁx of R™.

Proof. By Proposition , if x is any nonzero vector of R", then ||x|| is a positive real number.
Consequently, we have that o = m is a positive real number such that ||ax| = a|x|| = 1. O
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Example 1.2.4. Consider the vectors x, y, and z from Example . We demonstrated previously
that ||x +y|| = V17 and ||z|| = 2v/2, hence \/Lﬁ(x—i— y) and #ﬁz are unit vectors of R3.

Consider any pair of vectors x and y lying in standard position in real n-space for some positive
integer n. Certainly, if n = 2 or n = 3, then we could visualize x and y in the Cartesian plane R?
or in the real 3-space R? that we occupy, take a protractor, and measure the angle 6 formed by the
intersection of x and y at the origin. Pictorially, we would obtain the following diagram.

By the Law of Cosines, the triangle spanned by the vectors x, y, and x — y gives the following.
I — y[|* = [Ix[|* + — 2[[x|[ [y cos(6)

Observe that if x = [z1,...,2,]) and y = [y1, ..., yn], then by definition of the magnitude of a vector,
it follows that ||x||* = 27 + -+ + 22 and so that

2 2

[x—yl?=(x1 =)’ 4+ + (@0 —yn)? =i+ + 2, + —2(z1y1 4+ oY)

Combining this formula with the above equation obtained from the Law of Cosines yields that
)l + 117 = 2lIx[l[y] cos(8) = [Ix — y[I* = [IxI* + [ ] = 2(z1y1 + - + Ty)

so that ||x|| cos(0) = x1y1 + - - - + py,. We refer to the real number z1y; + - - - + 2,,y, as the dot
product x -y of the real vectors x and y. Explicitly, if x = [z1,...,z,] and y = [y1, ..., yn], then

Xy =a1Y1 + -+ Tpln-
Even more, it is clear from this exposition that the dot product informs the geometry of real n-space.

Proposition 1.2.5. Given any pair of nonzero vectors x and 'y lying in standard position in real
n-space, the angle 0 of intersection between the vectors x and y at the origin satisfies that

0 =cos™" <—X Y >
Byl

Essentially, the formula is obtained from the previous paragraph by solving for ¢ in the identity
x -y = ||x|||v] cos(8). Consequently, we will typically refer to the identity x -y = ||x]|||y|| cos(@) as
the geometric representation of the dot product. Extending this notion of geometry of vectors in
real n-space, we will say that x and y are orthogonal (or perpendicular) provided that x-y = 0.
Observe that the angle of intersection between orthogonal vectors is cos™!(0) = 90°.
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Example 1.2.6. Consider the vectors x = [1,1,—1], y = [1,2,3], and z = [0, —2, —2] in R3. By
definition of the dot product, we obtain the following identities.

x-x = (1) + (D1) + (=1)(- 1)

x-y =11+ 1))+ (-1)3) =

x-z = (1)(0) + (1)(=2) + (= 1)(—2) =0
y-z=(1)(0)+(2)(=2) + (3)(=2) = —10

Consequently, it follows that x is orthogonal to both y and z, but x is not orthogonal to itself and
y is not orthogonal to z. Even more, we have that x - x = ||x||?.

Example 1.2.7. Consider the vectors x = [1,2,0,2] and y = [-3,1,1,5] in R%. Even though we
cannot visualize x and y as rays emitting from the origin because they exist in real 4-space, we can
find their angle 0 of intersection. By definition of vector magnitude, we have that

Ix[| = V1> + 22+ 0% + 22 = V9 = 3 and
Iyl = V/(=3)2 + 12+ 12 + 52 = /36 = 6.

By definition of the dot product, it follows that x -y = (1)(=3) + (2)(1) + (0)(1) + (2)(5) = 9.
Consequently, we conclude by the geometric representation of the dot product that

b= cos ! (Z) —eos ! (s ) = o (3) = o0

Considering that the dot product of vectors in real n-space is determined by the coordinates of

the underlying vectors, the following proposition is unsurprising and straightforward to prove.

Proposition 1.2.8 (Properties of the Dot Product in Real n-Space). Consider any vectors x, y,
and z lying in standard position in real n-space and any real number c. We have that

(1

.) the dot product is commutative, i.e., X -y =y - X;
2.) the dot product is distributive across vector addition, i.e., x-(y +2z) =Xy +X - 2;
)

(
(3.) the dot product is homogeneous, i.c., (ax) -y =a(x-y) =x-(ay); and
(4.) the dot product is non-degenerate, i.e., X - X is nonzero if and only if X is nonzero.

Even more, the dot product in real n-space satisfies the Law of Cosines

I — yII* = [IxI1* + Iy lI* = 2/x[[[y ]| cos(6).

Proof. Each of the above properties can be verified directly by listing the coordinates of the vectors
X, y, and z, computing the dot product, and appealing to familiar properties of real numbers.
Even more, the commutativity and distributivity of the dot product yield that

Ix—yl’=(x-y) x—y)=x-x+y-y—2x-y) = [x]>+][y]*—2(x"y).

By the geometric representation of the dot product, we find that x-y = ||x||||y|| cos(€) for the angle
6 of intersection between x and y. Considering that the vectors x, y, and x —y induce a triangle of
side lengths ||x||, |y, and ||x — y||, respectively, such that the side of length ||x — y|| lies opposite
the angle 0 of intersection between x and y, the Law of Cosines holds in this case. O



1.2. VECTOR MAGNITUDE AND THE DOT PRODUCT 15

By applying the in the case of orthogonal vectors,
we can prove the following important properties of orthogonal vectors.

Proposition 1.2.9 (Properties of Orthogonal Vectors in Real n-Space). Consider any vectors x,
y, and z lying in standard position in real n-space.

1.) If x is orthogonal to 'y and z, then x is orthogonal to 'y + z.
2.) If x is orthogonal to 'y, then x is orthogonal to cy for all real numbers c.
3.) If x is orthogonal to 'y, then their angle of intersection is 90°, i.e., x and 'y are perpendicular.
4.) Ifx is orthogonal to'y, then ||[x—y||* = ||x[|*+|ly||?, i.e., the Pythagorean Theorem holds.
Proof. 1.) By definition, if x and y are orthogonal and x and z are orthogonal, then x -y = 0 and
x -z = 0. By Proposition , it follows that x - (y +2z) =x-y+x-z = 0.
2.) By Proposition , we have that x - (ay) = a(x - y) = 0 for all real numbers a.
3.) By Proposition , if x and y are orthogonal vectors lying in standard position in real

n-space, then the angle 6 of intersection between the vectors x and y is given by 6 = cos™!(0) = 90°.
4.) By the Law of Cosines and its proof in Proposition , we have that

b =yl = Ix[* + Iy lI* — 2(x - y).
Considering that x and y are orthogonal, we conclude that 2(x -y) = 0, as desired. [

Example 1.2.10. We determine in this example a unit vector perpendicular to x = [—1, 3,4]. By
definition, we seek a real vector y = [y1, y2, y3] such that x-y = 0 and ||y|| = 1. Computing the dot
product of x and y, we find that 0 = x -y = —y; + 3y2 + 4y3. We have three variables and only
one equation, hence there must be two free variables that we are allowed to set equal to anything
that is convenient. We will choose y; = 0 and y, = —4; the resulting equation is 3(—4) +4ys = 0 so
that 4ys = 3(4) and y3 = 3. Consequently, the vector y = [0, —4, 3] is orthogonal to x; however, its
magnitude is /02 + (—4)%2 4+ 32 = 5, so it is not a unit vector. By Proposition , we find that
%y is a unit vector; it is orthogonal to x by Proposition because y is orthogonal to x.

Example 1.2.11. We determine in this example a unit vector perpendicular to x = [—1, 3, 4] and
y = [2,1, —1]. Like before in Example , we must solve the following system of equations.

0=x"[21,29,23) = —21 + 320 + 423

0=y |21, 22, 23] =221 + 29 — 23

By adding twice the first equation to the second equation, we find that 7z + 723 = 0 or 23 = —z5.
We have two equations in three unknowns, so we will have at least one free variable; however, as the
arithmetic bears out, we find that z3 depends on 2o, hence z5 is a second free variable. By setting
z1 = 0 and 2o = 1, we find that z3 = —1 and z = [0, 1, —1] is orthogonal to x and y. Considering
that ||z]| = /02 + 12 + (—1)2 = v/2, we conclude that \/Lﬁz is a unit vector orthogonal to x and y.

Geometrically, we have seen to our pleasant surprise that the dot product in real n-space enjoys
many nice properties. But perhaps one of its most astounding features is the following.
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Proposition 1.2.12. Given any nonzero, non-parallel vectors x and y lying in standard position
in real n-space, the area of the parallelogram spanned by x and y is ||x||||y|| sin(f).

Proof. Pictorially, the parallelogram spanned by x and y can be determined as follows.

h
V0 .
Yy
Observe that the angle 6 of intersection between x and y satisfies that h = sin(f). Because the
area of a parallelogram is the product of its base and its height, it is h||y|| = ||y || sin(@). O

Before we conclude this section, we state and prove two inequalities regarding vectors in real n-
space. Crucially, the following proposition provides a purely algebraic foundation for the geometry
of the dot product in real n-space that we have as yet taken for granted (cf. Proposition ).

Theorem 1.2.13 (Cauchy-Schwarz Inequality). Given any vectors x and 'y in R", we have that
-yl < [xl[lyll
Consequently, the inverse cosine of x -y /||x||||ly]l is well-defined, and Proposition is valid.

Proof. Clearly, if one of x or y is zero, then x -y = 0 and ||x||||y|| = 0, hence the inequality holds.
Consequently, we may assume that neither x nor y is zero so that y -y is nonzero by the
. Even more, for any real numbers o and 5, we have that

lax + By||* = (ax + By) - (ax + By) = o®(x - x) +2a8(x - y) + £(y - y)
is non-negative. By the above identity with a =y -y and § = —(x - y), we find that
(x-x)(y - y)* = (x-¥)*(y y) 2 0.

Considering that y -y is nonzero by assumption, it must be a positive real number. Cancelling one
factor of y - y from both sides of the above inequality yields that (x-y)* < (x-x)(y - y). O

Theorem 1.2.14 (Triangle Inequality). Given any vectors x and 'y in R", we have that
x4yl < [1x[F+ [yl

Proof. By Proposition , we have that ||x+y]||, [|x]|, and ||y|| are each non-negative real numbers,
hence the desired inequality holds if and only if the inequality ||x + y||* < (||x|| + ||y]|)?* holds. By
Proposition , the left-hand side of this inequality is (x+y) - (x+y) = [|x||* + 2(x-y) + |ly[]*
By the , it follows that 2(x - y) < 2||x]|||y||, hence the inequality holds.

e+ y I = Ixl* + 2 - y) + [y l” < I1xI* + 20y |+ ly [I* = (Il + [y l)? O
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1.3 Matrices and Matrix Operations

We will continue to assume throughout this chapter that m and n are positive integers. We refer
to a visual representation of any collection of data arranged into m rows and n columns as an
m X n array. Each entry of an m x n array A is a component of A. Each component of A can be
uniquely identified by specifying its row and column: explicitly, we use the symbol a;; to indicate
the component of A that lies in the ith row and jth column. Often, we will refer to a;; as the (7, j)th
entry of the array A. Collectively, therefore, we may view the array A as indexed by its entries
a;; for each pair of integers 1 <4i < m and 1 < j < n. Components of the form a;; are referred to
as the diagonal entries of A because they lie in the same row and column of A; the collection of
all diagonal entries of A is called the main diagonal of A. We will adopt the convention that an
m X n array be written using large rectangular brackets, as in each of the following examples.

Example 1.3.1. Consider the case that Alice, Bob, Carly, and Daryl play Bridge together. If Alice
and Carly belong to one team and Bob and Daryl belong to the opposing team, then we may encode
this information (i.e., these teams) as the two columns of the following 2 x 2 array A.

[ Alice  Bob
~ |Carly Daryl

Observe that aq, = Alice, a;o = Bob, ay; = Carly, and ass = Daryl. One could just as well swap
the rows and columns to display the teams as rows by constructing the following 2 x 2 array AT.

AT Alice Carly
~ | Bob Daryl

Our principal concern throughout this course are those m x n arrays consisting entirely of (real)
numbers. Under this restriction, we may refer to an m xn array as a (real) m xn matrix. Generally,
one can define matrices consisting of elements lying in any ring, but we will not be so general.

Example 1.3.2. Each real number z may be viewed as a real 1 x 1 matrix [x]

Example 1.3.3. Consider once again the scenario of Example . We may assign to each player
a real number called a “skill value” between 0 and 100, e.g., suppose that Alice has skill value 88;
Bob has skill value 72; Carly has skill value 95; and Daryl has skill value 90. Under this convention,

the matrices of Example yield new matrices that we could call “skill matrices” as follows.
_ |88 T2 T 88 95
5= {95 90} 5= {72 90}

Our previous three examples dealt with square matrices, i.e., matrices for which the number of
rows and the number of columns were the same (i.e., m = n); however, not all matrices are square.

Example 1.3.4. Consider the 1 x 5 matrix [1 2 3 4 5} of the first five positive integers.

We refer to matrices with only one row as row vectors; matrices with only one column are
called column vectors. We are familiar with some notion of vectors from our study of real n-space
in Section !.1. We may also use the terms (horizontal) n-tuples for row vectors with n columns
(i.e., 1 x n matrices) and (vertical) m-tuples for column vectors with m rows (i.e., m x 1 matrices).
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Like we mentioned in the first paragraph of this section, an m xn matrix A is uniquely determined
by the entry a;; in its ith row and jth column for each pair of integers 1 <¢ <mand 1 < j < n.
For instance, the matrix of Example is the unique matrix with one row whose jth column
consists of the integer j for each integer 1 < j < 5. Under this identification, we will adopt the

one-line notation A = [aij} 1<i<m for the m x n matrix A with a;; in its ith row and jth column.
155<n

Example 1.3.5. Consider the 2 x 3 matrix whose ith row and jth column consists of the sum ¢+ ;.

We may write this symbolically (in one-line notation) as [z + j] 1<i<2 or expanded as follows.
1<5<3

j=17=2 j=3
i=171+1 142 143 2 3 4
i=202+1 242 243/ % |3 4 5

Example 1.3.6. Given any positive integers m and n, there is one and only one matrix consisting
entirely of zeros: it is the m x n zero matrix O,,y,. Explicitly, we have the following examples.

0 0 0 00

0 0 0 00

O2><2 = [0 0:| 02><3 = [0 0 0:| O3><2 =10 0 03><3 =10 0 0
0 0 0 00

Often, it is most convenient to simply write O for the zero matrix with the understanding that the

number of rows and columns of O is contingent upon the context in which it is discussed.

Example 1.3.7. We refer to the matrix I,,,x, = [5@'} 1<i<m as the m x n identity matrix, where
1<j<n

1 if¢=7 and
61‘]':
0 ifi#j

is the Kronecker delta. Put another way, the m x n identity matrix is the unique m x n matrix
whose (7, j)th component is one for each pair of integers 1 <i < m and 1 < j < n such that i = j
and whose other components are all zero. One can also say that I,,x, is the unique m x n matrix
with ones along the main diagonal and zeros elsewhere. Explicitly, we have the following examples.

10 1 00
10 1 00
Iyyo = {0 J Irxs = {0 1 0} Isxo = |0 1 Isx3=10 1 0

0 0 0 01

Observe that the only nonzero components of I, lie on the main diagonal, hence I,,.,, is a diagonal
matrix. Explicitly, a diagonal matrix is an n x n matrix consisting entirely of zeros off the main
diagonal. Even more, I,,., is the unique diagonal n X n matrix whose nonzero entries are all one.
Like with the zero matrix, we will write I for the square identity matrix of the appropriate size.

Example 1.3.8. Given any m X n matrix A = [aij} 1<i<m, its matrix transpose A’ is the n x m

1<5<n

matrix obtained by swapping the rows and columns of :4, i.e., we have that AT = [aji} 1<i<n . Put
1<j<m
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another way, the (i, j)th entry of AT is the (j,4)th entry of A, hence the ith row of A is precisely

the ith column of A. Explicitly, for the matrix A defined in Example , we have the following.
2 3
A= E i ;l] AT =13 4
4 5

Observe that the first row of A becomes the first column of A” (and likewise for the second row).
Consequently, the transpose of any 1 x n row vector is an n X 1 column vector. We will also refer to
AT simply as the transpose of A; the process of computing A7 is called transposition. One other

thing to notice is that IT = I,.mn, hence we have that I, = I,., or IT = 1.

Definition 1.3.9. We say that an m x n matrix A is symmetric if it holds that AT = A. Observe
that a matrix is symmetric only if it is square, i.e., a non-square matrix is never symmetric.

Considering that matrices encode numerical data, it is not surprising to find that they induce
their own arithmetic. Using one-line notation, matrix addition can be defined as follows.

Definition 1.3.10. Given any m X n matrices A = |:a7;j:|1§i§m and B = [bi]’}lgigm, the matrix

1<j<n 1<j<n
sum of A and B is the m X n matrix A+ B = [aij + bij} 1<i<m. Put in words, the matrix sum A+ B
1<j<n

is the m x n matrix whose (7, j)th entry is the sum of the (4, j)th entries of A and B.

Caution: the matrix sum is not defined for matrices with different numbers of rows or columns.

Example 1.3.11. We compute the matrix sum of the following 2 x 3 matrices.

1 2 3 1+ 240 3+17 [0 2 4
4 5 6 44 540 64+1] |3 5 7

Example 1.3.12. If A is any m X n matrix, then we have that A + O,,xn = A = O,xn + A.
Consequently, we may view O,,«, as the additive identity among all m x n matrices.

Generally, for any real m xn matrix A = [aij} 1<i<m, we will typically refer to any (real) number ¢
1<j<n

as a scalar, and we define the scalar multiple of A by the scalar c as cA = [caij} 1<i<m. Essentially,
1<5<n
we may view this as a generalization of the sum of the matrix A with itself ¢ times.

Example 1.3.13. Given any m x n matrix A = [aij] 1<i<m, we will write —A = [—aij]lgigm. We
1<5<n 1<j<n

SIS
have that A+ (—A) = Opxn = —A + A, and we say that —A is the additive inverse of A.

Our next proposition illustrates that matrix transposition and matrix addition are compatible.

Proposition 1.3.14. Let A and B be any m x n matrices. We have that (A + B)T = AT + BT.
Put another way, the transpose of a sum of matrices is the sum of the matriz transposes.

Proof. By Definition , the (7, )th entry of A+ B is the sum of the (7, j)th entry of A and the
(i, 7)th entry of B. By Example , the (4, j)th entry of (A4 B)T is the (j,i)th entry of A+ B, i.e.,
the sum of the (j,7)th entry of A and the (j,7)th entry of B. But by the same example, this is the
sum of the (i, j)th entry of AT and the (i, j)th entry of B?. Ultimately, this shows that the (i, j)th
entry of (A+ B)T and the (i, j)th entry of AT + BT are the same so that (A+ B)T = AT+ BT. O
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Even more, if the number of columns (or rows) of a matrix A equals the number of rows (or
columns) of a matrix B, then the product of the matrices A and B is defined as follows.

Definition 1.3.15. Given any m X n matrix A = [aij} 1<i<m and any n X r matrix B = [aij] 1<i<ns
1<j<n 1<5<r

the (left) matrix product of A and B is the m x r matrix AB whose (i, j)th entry is given by

(AB)i; = Z Qirbrj = @inbij + aibaj + -+ + inbn;.
k=1
Put in words, the matrix product AB is the m x r matrix whose (i, 7)th entry is the sum of the
product of the (i, k)th entry of A and the (k, j)th entry of B for all integers 1 < k < n.

Crucially, matrix multiplication is not commutative, i.e., the order of the matrices in the matrix
product matters; however, if we assume that » = m, then the (right) matrix product BA can be
defined analogously. Be sure to note also that the number of rows of AB is the same as the number
of rows of A, and the number of columns of AB is the same as the number of columns of B.

Caution: the product is not defined for matrices with an incompatible number of rows and columns.

Example 1.3.16. Consider the following real matrices.

~1 0 10 1
A:E ; ij B=1| 01 O:[j ﬂ D=1| 01 2
1 1 -1 1 3

Considering that A is a 2 x 3 matrix and B is a 3 X 2 matrix, both of the products AB and BA
can be formed: AB is a 2 X 2 matrix, and BA is a 3 x 3 matrix. Explicitly, they are as follows.

—1
_ D +20) 8= HO)+2() +3(D)] _[-4 05
AB = {2 3 4} _(1) N {2(—1)+3(0)+4(—1) 2(0) 4+ 3(1) + 4( )} N [—6 7}

1 2 3 (D+0(2) —12)+0(3) —1(3)+0(4) -1 -2 -3

BA=| 0 1 [2 4}: 0(1)+1(2) 02)+113) o) +14)| =] 2 3 4

-1 1 —1(1)+1(2) —1(2) +1(3) —1(3) +1(4) 1 1 1

On the other hand, neither of the matrix products AC' or BD exist; however, the matrices CA and
DB can be computed because A and B have as many rows as C' and D have columns, respectively.

Example 1.3.17. Consider the following real matrices.

=[] o[

Considering that A and B are both 2 x 2 matrices, the 2 x 2 matrices AB and BA can be formed.

i R ot i R
I R L et ot e

Crucially, we note that AB and BA are not equal as matrices, i.e., we have that AB # BA.
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Remark 1.3.18. Example motivates the following definition of matrix multiplication. Con-
sider a 1 X n row vector v = [vn IPEEEE Um] and the following n x 1 column vector.
w11
Wa1
w= .
Wn1

We define the vector dot product v - w of the vectors v and w as the 1 x 1 matrix vw?, i.e.,
_ T _
VW =VW = [’Unwn + Uppwor + -+ Ulnwnl]-

Given any m x n matrix A and any n x r matrix B, the ith row of A may be viewed as the 1 x n

vector A; = [aﬂ Qg v am] and the jth column of B as the following n x 1 vector.
by
bo s
Bi=|"
by,

Ultimately, under this interpretation, the matrix product AB is defined as the m X r matrix whose
(¢,7)th component is the dot product A; - Bj = a;1b1; + aiobaj + + -+ + @inbnj = D>y @irby;-

We adapt the following example from the example at the bottom of page 50 of | ].

Example 1.3.19. We say that an n x n matrix A is a Markov matrix if each component of A is
a non-negative real number and the sum of each column of A is 1. For instance, the 2 x 2 matrix

. {0.9 0.5}

0.1 0.5
is a Markov matrix. We may view this Markov matrix as representing a real-life scenario as follows.
Godspeed You! Black Emperor are performing live at the Blue Note in Columbia, Missouri, and
Alice and Bob are considering attending the concert. Currently, Alice is 90% certain that she will
attend, so she must be 10% certain that she will not attend. On the other hand, Bob is 50% sure
he will attend. Consequently, the columns of the matrix A represent Alice and Bob, respectively,

and the rows represent their certainty or uncertainty that they will attend the show, respectively.

Even more, suppose that today, Alice has the propensity a to attend the concert and Bob has the
propensity b to attend, and tomorrow, Alice has the propensity 0.9a+0.5b to attend the concert and

Bob has the propensity 0.1a+ 0.5b to attend. Under these identifications, tomorrow, the propensity
that Alice and Bob will attend the concert is given by the following matrix product.

{0.1 0.5} [Z] - [0.1210.52] :“{0.1] +b{o.5}'

We could continue to iterate this process to predict the propensity that Alice and Bob will attend
the concert on any given day in the future; the resulting model is referred to as a Markov process.
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Remark 1.3.20. Example illustrates that if x is an n x 1 column vector and A is an m X n
matrix, then the m x 1 column vector Ax is simply a linear combination of the columns of A.

aj; Qa2 - Qip 15 a1 Q12 Q1n

21 Q22 -+ Qa2p T2 21 22 Q2n
Ax = | | . ) l=xl L | x| L | T,

Am1 Am2 **° Qmp Ln Am1 Am2 Amn

We will demonstrate now that matrix multiplication is associative and distributive.

Proposition 1.3.21 (Matrix Multiplication Is Associative). If A is any m X n matriz, B is any
n X r matriz, and C is any v X s matriz, then the matriz products A(BC) and (AB)C' are equal.

Proof. By Definition , we have that BC'is an n X s matrix, hence the matrix product A(BC)
is well-defined because the number of columns of A is equal to the number of rows of BC'; a similar
argument shows that (AB)C is well-defined, hence it suffices to prove that A(BC) = (AB)C. By
the same definition, the (7, j)th entry of A(BC) is the sum of the products of the (i, k)th entry of
A and the (k, 7)th entry of BC' for all integers 1 < k < n, and the (k, j)th entry of BC' is the sum
of the products of the (k, ¢)th entry of B and the (¢, j)th entry of C for all integers 1 < ¢ <r. Put
into symbols, the previous sentence can be expressed as the double summation identity

A(BO)W = Z Z aikbkgng.

k=1 (=1

Considering that the order of summation of a finite sum does not matter, it follows that

A(BC)Z] = Z Z aikbkgng.

=1 k=1
Observe that Y ,_, @by, is nothing more than the (i, ¢)th entry of AB, hence we may view the
(1, 7)th entry of A(BC) as the sum of the products of the (i, £)th entry of AB and the (¢, j)th entry
of C for all integers 1 <i < r, i.e., it is the (¢, 7)th entry of (AB)C. Ultimately, this shows that the
(1, 7)th entry of A(BC') and the (i, j)th entry of (AB)C' are the same so that A(BC) = (AB)C. O

Proposition 1.3.22 (Matrix Multiplication Is Distributive). If A is any m X n matriz and B and
C are any n X r matrices, then A(B+ C) = AB + AC and A(cB) = ¢(AB) for all scalars c.

Proof. By Definition , the matrix sum B+ C'is an n X r matrix, hence the product A(B+ C)
is well-defined because the number of columns of A is equal to the number of rows of B + C. By
Definition , the (7, 7)th entry of A(B+ C) is the sum of the products of the (i, k)th entry of A
and the (k, j)the entry of BC for all integers 1 < k < n; the latter is by Definition the sum
of the (k,j)th entry of B and the (k,j)th entry of C. Because multiplication is distributive over
addition, the (4, j)th entry of A(B+ C') is the sum of the products of the (i, k)th entry of A and the
(k, j)th entry of B for all integers 1 < k < n plus the sum of the products of the (i, k)th entry of A
and the (k, 7)th entry of C for all integers 1 < k < n, i.e., it is the sum of the (4, j)th entry of AB
and the (i, 7)th entry of AC, i.e., it is the (i, 7)th entry of AB + AC. Because the (i, j)th entry of
A(B+C') and the (4, j)th entry of AB+ AC' are the same, we conclude that A(B+C) = AB+ AC.

We leave it as an exercise for the reader to demonstrate that A(c¢B) = ¢(AB) for all scalars ¢;
however, we remark that inspiration can be found in the proof of Proposition : O
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Ultimately, Proposition implies that matrix multiplication is distributive, i.e., if A is any

m X n matrix, B and C are any n X r matrices, and c¢ is any scalar, then A(cB+ C) = ¢(AB) + AC.
Example 1.3.23. Given any n x n matrix A, the matrix product of A with itself is denoted simply
by A?; it is an n X n matrix, hence we may form the matrix product of A? with A. By Proposition
, we have that (A%)A = (AA)A = A(AA) = A(A?%); we denote this simply by A3. Continuing

in this manner, the k-fold product of A is A¥ = A¥1A = AA*! for all integers k > 2. Each of
these is an n x n matrix, so we can scale these matrices and add them together to obtain a matrix
polynomial. By the distributive property for matrices, matrix polynomials behave familiarly, e.g.,

A-DA+DN=AF+AI-TA-IP=A"+A—-A—-1=A*>—-1Tand
(A+ 1P = (A2 424+ DA+ = A3+ A2+ 242 4+ 2A+ A+ T = A3+ 3A + 3A+ I
Even more, like matrix addition, matrix multiplication is compatible with transposition.

Proposition 1.3.24. If A is any m X n matriz and B is any n X v matriz, then (AB)T = BT AT.
Put another way, the transpose of a matriz product is the reverse matriz product of the transposes.
Proof. By Example , the (7, 7)th entry of (AB)T is the (j,i)th AB. By Definition , the
(7,7)th entry of AB is the sum of the products of the (j, k)th entry of A and the (k,7)th entry of
B for all integers 1 < k < n. Considering that scalar multiplication is commutative, this is equal
to the sum of the products of the (i, k)th entry of BT and the (k,j)th entry of AT for all integers
1 <k <n,ie., it is the (i,7)th entry of BT AT. We conclude therefore that (AB)T = BTAT. [

We conclude with a summary of the matrix operations proved in the previous propositions.

Proposition 1.3.25 (Properties of Matrix Addition, Multiplication, and Transposition). Consider
any matrices A, B, and C' such that the following matriz sums and matriz products are well-defined.

1.) Matriz addition is associative, i.e., (A+ B)+ = A+ (B+ C).

)

2.) Matriz addition is commutative, i.e., A+ B = B + A.

3.) The zero matriz O is the additive identity, i.e., A+ O = A.

4.) The additive inverse of A is —A, i.e., A+ (—A) = O.

5.) Matriz multiplication is associative, i.e., (AB)C = A(BC).

6.) Matriz multiplication is distributive, i.e., A(B+ C) = AB+ AC and (A+ B)C = AC + BC.

7.) The multiplicative identity is the identity matriz, i.e., [A = A and BI = B.

8.) Matrix transposition is distributive across matriz addition, i.e., (A + B)T = AT + BT,

9.) Matriz transposition is order-reversing, i.e., (AB)T = BT AT,
10.) Scalar multiplication is associative, i.e., r(sA) = (rs)A.
11.) Scalar multiplication is distributive across matriz addition, i.e., r(A+ B) =rA+rB.
12.) Scalar multiplication is distributive across scalar addition, i.e., (r + s)A =rA + sA.
13.) Scalar multiplication is homogeneous, i.e., (rA)B = r(AB) = A(rB).
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1.4 Linear Systems of Equations and Gaussian Elimination

We will continue to assume that m and n are positive integers. If xq, ..., z, are any variables, then
a (real) linear combination of x1,...,z, is an expression of the form a;z; + - - - + a,x,, for some
(real) scalars ay, ..., a,. Consequently, a (real) 1 x n linear equation is any equation of the form
a1y + -+ - + apx, = b for some (real) scalars ay,...,a,, and b. Even more, a (real) m x n system
of linear equations consists of m linear equations in n variables; this is represented as follows.

a11T1 + -+ ATy = bl

91T + -+ - + A2y, = bo

Am1T1 + -+ QppTy = bm

Explicitly, the positive integer m represents the number of equations in the m x n system of linear
equations, and the positive integer n represents the number of variables in each equation.
Example 1.4.1. On 10 June 2022, in Game Four of the 2022 NBA Finals, Stephen Curry scored
43 points. Let x; be the number of one-pointers made; let x5 be the number of two-pointers made;
and let x5 be the number of three-pointers made by Curry in this appearance. Observe that Curry’s
point total is given by the 1 x 3 (integer) linear equation xy + 2x9 + 33 = 43.

We say that the (real) scalars &1, ..., &, constitute a solution to a (real) m x n system of linear
equations if it holds that a;1& + - - - + @&, = b; for each integer 1 <7 < m.

Example 1.4.2. One can find many solutions to the matrix equation of Example . Explicitly,
& =43 and & =86 =0o0r & =41, & =1, and & = 0 give rise to two distinct solutions.

Given more information, we can reduce the number of possible solutions in Example
Using the fact that Curry made seven three-pointers, we may substitute z3 = 7 into our equation
1 + 2x9 4+ 323 = 43 to find that x1 + 225 + 21 = 43 or x1 + 225 = 22. Even more, Curry made a
combined fifteen free throws and two-pointers. Consequently, we have that x; + x5 = 15. Observe
that these two equations involving x; and x5 induce the following 2 x 2 system of linear equations.

1]1+2172:22
$1+.T2:15

We may determine the values of x; and x5 that solve the system: we have that x; = 15 — x5 so that

22 = 1 + 2wy = (15 — mg) + 229 = 15 + x9; cancelling 15 from both sides gives 25 = 7 and x; = 8.
Examples and highlight the differences between the general solution of a system of

linear equations as opposed to a particular solution. Explicitly, the 1 x 3 system of equations

T +2I2+3$3 =43

admits infinitely many solutions: by solving this equation for z; in terms of x5 and x3, we find that
x1 = —2x9 — 3x3 + 43, hence the general solution to this system of equations is given by

E = [—21’2 - 3ZE3 + 43, Z9, 173] = ZEQ[—Q, 17 0] + ZE3[—37 0, 1] + [43, O, O]

Consequently, any choice of real numbers x5 and z3 determine a particular solution to this system
of linear equations. We will soon revisit this distinction with more sophisticated tools.
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Example 1.4.3. Geometrically, linear equations encode lines, planes, and hyperplanes. Explicitly,
for any real numbers a and b (not both of which are zero) and any real number ¢, the solutions of
the linear equation az + by = ¢ form a line (e.g., 2x + y = 3 is a line with y-intercept (0,3) and
slope —2). Likewise, it is not difficult to verify that for any real numbers a, b, and ¢ (not all of
which are zero) and any real number d, the solutions of the linear equation az + by + ¢z = d form
a plane: indeed, if a is nonzero, then solving for x in this linear equation yields that

b
x:——y—Ez—i—d,
a a

hence (z,y, z) is a translation of a point lying in the plane spanned by [0, 1,0] and [0, 0, 1].

Using matrices, we can more efficiently rephrase our above observations concerning m xn systems
of linear equations. Explicitly, observe that a (real) m x n system of linear equations

a11T1 + -+ ATy — bl

a1 T1 + -+ - + a2, T, = by

Am1T1 + -+ Ty = bm

. . . T . T
gives rise to a n x 1 matrix x = [:vl Ty - xn} ,an m X 1 matrix b = [bl by - bm] , and an
m x n matrix A whose (4, j)th entry is the coefficient a;; of the jth variable x; of the ith equation
apry + -+ ajr, = b; of the m x n system of linear equations, i.e., the following m x n matrix.

@11 - Aip

Q21 -+ A2y
A=

Am1 *°° Amn

Conversely, the aforementioned matrices A, x, and b satisfy that Ax = b. We refer to the equation
Ax = b as a (real) m x n matrix equation. Often, the m x n matrix A and the m x 1 matrix
b are known while the n x 1 matrix x consists of n variables. Ultimately, we obtain a one-to-one
correspondence between (real) m x n systems of linear equations and m X n matrix equations.

anry + -+ apT, = by a1 - Gip T by
2121 + -+ + ATy = by . 1 -+ Qop Ta by
) < Ax =Db, i.e, , ] | =

Am1T1 + -+ App Ty = bm Qm1 **° Amn Tn bm

Example 1.4.4. We will convert the data of Examples and into the language of matrix
equations. Consider the matrix A = [1 2 3} whose jth column is the point value of a j-pointer;

. T . . . .
the matrix x = [ml To mg] whose jth row is the number of j-pointers made by Curry; and the
matrix b = [43} consisting of the total points made by Curry. Observe that the linear equation
1 + 2x9 + 3x3 = 43 is in one-to-one correspondence with the matrix equation Ax = b.

We say that a (real) n x 1 matrix & forms a solution to the matrix equation Ax = b if it holds
that A€ = b; this is a direct analog of a solution of the m X n system of linear equations.
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Example 1.4.5. Rephrasing the results of , the matrices &, = [43 0 0} and &, = [41 1 0}
give rise to two distinct solutions of the matrix equation of Example . On the other hand,
put into the language of matrix equations, the information that 22 = z; + 225, and 15 = x1 + x5
can be most efficiently synthesized by viewing the coefficients of these linear equations as rows
of a matrix. Explicitly, we construct a matrix A whose first row is [1 2}, corresponding to the
respective coefficients of 1 and x5 in the equation 22 = x; 4 2x5; the second row of the matrix A is
[1 1}, corresponding to the respective coefficients of x; and x5 in the equation 15 = x; + 5. Once
again, the column vector x consists of the variables z; and s in distinct rows, and the column
vector b consists of the integers 22 and 15 in distinct rows. Ultimately, yields the matrix equation

1 2] [x4]  [22
e ] )=
Once we have extracted an m X n matrix equation Ax = b from a (real) m x n system of linear

equations, our immediate objective is to determine the matrix analog of solving the system. Before
we do this, we declare the following three valid operations for systems of linear equations.

Definition 1.4.6 (Elementary Row Operations). Given any (real) m xn system of linear equations,
the following arithmetic operations are permissible to perform on the system.

1.) We may multiply the ith equation by a nonzero (real) scalar c.
2.) We may add ¢ times the ith equation to the jth equation for all integers 1 < i,j < m.
3.) We may interchange the ith and jth equations for all integers 1 < i,j < m.

Consequently, we are looking for matrix analogs of the above three arithmetic operations. Con-
sidering that the coefficients of ith equation are encoded in the 7th row of the matrix A and the ith
row of the matrix b, we may rather consider the augmented matrix [A ‘ b}. By definition, this
is simply the matrix A with one additional column in the form of b. We use the bar | notation to
emphasize that b is appended as the rightmost column of the matrix A and not originally a column
of A. By definition of matrix multiplication, operation (1.) is analogous to left multiplication by
the m x m matrix with (,4)th entry ¢; 1 in all other entries of the main diagonal; and Os elsewhere.

1.) Multiplication of the ith row of an m x n system of linear equations by a scalar ¢ corresponds
to left multiplication of the m x (n 4 1) augmented matrix [A ‘ b} by the m X m matrix with
¢ in row ¢, column ¢; 1 in all other entries of the main diagonal; and Os elsewhere.

Example 1.4.7. We obtain the following augmented matrix for the matrices of Example
1 2122

A =
A=) 3

Consequently, to scale the first equation x; + 2z = 22 by a factor of ¢, we multiply this augmented
matrix by the 2 x 2 matrix with ¢ in row 1, column 1; 1 in row 2, column 2; and 0s elsewhere.

020220_00 1 2122
1 11|15 |0 1] |1 1|15
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Likewise, operation (2.) is analogous to left multiplication by the m x m matrix with ¢ in row
J, column ¢; 1s along the main diagonal; and Os elsewhere. Explicitly, we obtain the following rule.

2.) Addition of ¢ times the ith row of an m x n system of linear equations to the jth row of the
system corresponds to left multiplication of the m x (n 4+ 1) matrix [A ‘ b} by the m x m
matrix with ¢ in row 7, column ¢; 1s along the main diagonal; and Os elsewhere.

Example 1.4.8. Consider the augmented matrix [A ‘ b} of Example . Observe that in order
to subtract the first equation x; 4+ 2x5, = 22 from the second equation x; + x9 = 15, it suffices to
add —1 times the first equation to the second equation. By the previous observation, this can be
achieved on the level of matrices by performing the following matrix multiplication.

120 22 | 1 0]|1 2|22
0 —1| —=7] [-1 1][1 1|15
Last, operation (3.) is analogous to left multiplication by the m x m matrix with (¢, j)th and
(7,7)th entries of 1; 1s along the main diagonal other than in rows ¢ and j; and Os elsewhere.

3.) Interchanging rows i and j of an m X n system of linear equations corresponds to left multi-
plication of the m x (n + 1) matrix [A ‘ b] by the m x m matrix with 1 in row j, column 4;
1 in row 7, column j; 1s along the main diagonal other than rows ¢ and j; and Os elsewhere.

Example 1.4.9. Once again, consider the augmented matrix [A ‘ b] of Example . We may
interchange the first equation x; 4+ 2x5 = 22 and the second equation x; + x5 = 15 as follows.

1 115 (0 1} |1 2|22
[1 222]_{1 01 [1 115}

Collectively, we refer to the operations of Definition as elementary row operations; the
matrices defined by operations (1.), (2.), and (3.) are therefore called the m x m elementary row
matrices. Explicitly, an elementary row matrix is an m X m matrix obtain by from the m x m
identity matrix I,,, by (1.) multiplying any row of [, by a nonzero scalar ¢; (2.) adding ¢ times the
ith row of I, to the jth row of I,,; or (3.) interchanging rows i and j of I,,,.

Likewise, the operations of Definition can be defined for the columns of a matrix to obtain
the elementary column operations and the elementary column matrices: we need only swap
all instances of “rows” with “columns” and “left multiplication” with “right multiplication.”

We will soon see that performing elementary row and column operations on a system of linear
equations does not affect the solutions to the system, hence it does not alter the solutions of the
underlying matrix equation. Even more, if we employ a sequence of elementary row and column
operations to reduce a given augmented matrix to a “relatively simple” form and subsequently in-

terpret the resulting augmented matrix “correctly,” then we can easily read off all possible solutions
to the underlying system of linear equations. We illustrate this in the case of Example

Example 1.4.10. Consider the augmented matrix [A ‘ b} of Example . Converting this back
into a system of equations, the second row of the augmented matrix yields that —xy = —7, hence
we conclude that x9 = 7. Consequently, the first row gives that 22 = x; + 229 = 21 + 14 or 1 = 8.
We refer to this as the method of solving a system of linear equations via back substitution.
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Going forward, we will say that two matrices A and B are row equivalent if and only if A can
be reduced to B via a sequence of elementary row operations if and only if there exist elementary
row matrices Eq, ..., E} such that B = E} - -- E1 A. Likewise, we make the analogous definition for
column equivalent matrices. We will write A ~ B if A and B are either row or column equivalent.

Example 1.4.11. By Example of the previous section, we have that
1 2 1 2
A - B —=

10
are row equivalent because B = E'A for the elementary row matrix £ = [ ] 11 .

By Example , it is clearly advantageous (when possible) to perform a sequence of elemen-
tary row operations to reduce a matrix A to a matrix B in which some row has the property that
all but one of its entries is nonzero: in this case, the row of B consisting of a single nonzero entry
can be used to further reduce A to a matrix possessing more zero entries, as we illustrate next.

Example 1.4.12. Consider the row equivalent matrices A and B of Example . Observe that
if we add twice the second row of B to the first row of B, then we obtain the matrix

o=lo =l b

Certainly, matrices with more zero entries are easier to interpret as the collection of coefficients
corresponding to some system of linear equations because the variables corresponding to the zeros
of the ith row of the matrix do not appear in the ith equation of the system. Even more, the zeros
of a matrix inform us about other important properties of the matrix that we will soon discuss.
Consequently, we turn our attention in this section to an algorithm that we may employ to reduce
a given matrix A to a row equivalent matrix consisting of as many zeros as possible.

We say that a row of an m x n matrix A is nonzero if it contains (at least) one nonzero entry.

Definition 1.4.13. We say that a (real) m x n matrix A lies in row echelon form if and only if
1.) all rows of A consisting entirely of zeros lie beneath the last nonzero row of A and

2.) for any pair of consecutive nonzero rows i and i + 1, the first nonzero entry of row i + 1 lies in
some column strictly to the right of the column in which the first nonzero entry of row ¢ lies.

Given that A lies in row echelon form, the first nonzero entry of a nonzero row of A is a pivot.

Example 1.4.14. Consider the following real matrices.
1 2 110 00 1 1
A=10 4 B=10 01 20 C= { ] J
0 0 00001

Both A and B lie in row echelon form; however, C' does not lie in row echelon form because the first
nonzero entry of its second row lies in the column directly below the first nonzero of its first row.
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We have encountered other instances of matrices in row echelon form, as well: the matrices
B of Example and C of Example lie in row echelon form; however, the matrix A of
Example does not lie in row echelon form because the first nonzero entry of the second row
of A lies directly below the first nonzero entry of the first row of A. Even more, the pivots of the
aforementioned matrix B (and C') are 1 in the first row and —1 in the second row. Crucially, the
following theorem assures us that it is always possible to reduce any matrix to row echelon form.

Theorem 1.4.15. FEvery real matriz is row equivalent to a real matriz in row echelon form.

Proof. Consider any real m x n matrix A. Begin by relocating all rows of A consisting entirely of
zeros to the bottom of the matrix; interchanging rows corresponds to multiplying on the left by an
elementary row matrix, hence the resulting matrix is row equivalent to A. We may disregard all
columns of A consisting entirely of zeros because the columns of A do not bear on the row echelon
form of A, hence we may assume that the first column of A is nonzero; then, we may find the first
nonzero row of A for which the entry in first column of A is nonzero. By interchanging this row
with the first row of A, we may ultimately assume that our m x n matrix A has the form

a1 Q2 - Qip

Q21 Q22 -+ Aoy
A=

Am1 Am2 - Omp

in which the lowermost rows could consist of zeros and aq; is nonzero by assumption. Every nonzero
real number has a multiplicative inverse, hence we may subtract a;a;; times the first row from the
1th row; this corresponds to left multiplication by an elementary row matrix and yields that

ain Q2 - Qin
I
for some real numbers by, . . ., by, Employing this process with the (m — 1) x (n — 1) submatrix
) ban
B=]":
bm2 bmn

and subsequently continuing in this manner, we will eventually reduce A to row echelon form. [J
Definition 1.4.16. We say that a matrix lies in reduced row echelon form if and only if

1.) it lies in row echelon form;

2.) its pivots are all 1; and

3.) if the jth column contains a pivot, then all of its non-pivot entries are zero. Put another way,
the only nonzero entry of any column containing a pivot is the pivot itself.
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Corollary 1.4.17. Fvery real matrix is row equivalent to a real matriz in reduced row echelon form.

Proof. By Theorem , every real matrix A is row equivalent to a real matrix B in row echelon
form. By multiplying each nonzero row of B by the multiplicative inverse of its pivot, we obtain a
row equivalent matrix C' whose pivots are all 1. Last, we must ensure that the only nonzero entry of
any column containing a pivot is the pivot itself. Observe that if ¢;; is nonzero and the jth column
of C' contains a pivot in row k, then we may add —¢;; times the kth row of C to the ith row of C
to obtain 0 in the ith row and jth column of C. Continuing in this manner yields the result. O

Essentially, the proofs of Theorem and Corollary outline the method of Gaussian
Elimination in systems of linear equations; for completeness, we summarize the results below.

Algorithm 1.4.18 (Gaussian Elimination). Given any nonzero real m x n matrix A, the following
steps will reduce the matrix A to a row equivalent matrix B in reduced row echelon form.

(1.) Begin by relocating all rows of A consisting entirely of zeros to the bottom of the matrix. We
may perform this operation because row interchange yields a row equivalent matrix.

(2.) Find the first nonzero row i of the matrix obtained in the previous step for which the entry
a;; in first column is nonzero; if this is not the first row, then interchange the first and ith
rows of this matrix so that a;; lies in the first row and column of the resulting matrix.

(3.) Multiply the first row of the resulting matrix by the multiplicative inverse a;;' of the nonzero
real number a;; to obtain an entry of 1 in the first row and first column. We may perform
this operation because multiplying a row by a nonzero scalar yields a row equivalent matrix.

(4.) If r; is the component of the jth row and first column of the matrix obtained in step (3.),
then add —r; times the first row of this matrix to the jth row of this matrix for each integer
1 < 5 < m. We may perform this operation because adding a scalar multiple of a row to
another row yields a row equivalent matrix. Observe that the only nonzero entry in the first
column of the resulting matrix is the pivot of 1 in the first row and first column.

(5.) Repeat steps (2.), (3.), (4.) for the matrix obtained from the resulting matrix of step (4.) by
ignoring the first row and first column; if possible, a pivot of 1 is obtained in the second row
of this matrix, and all entries of the matrix below this pivot are zero.

(6.) Repeat step (5.) until the row echelon form of A is obtained and all pivots are 1.

(7.) Eliminate any nonzero entry a;; in row ¢ above the pivot 1 in row & by adding —a;; times the
kth row of the matrix of step (6.) to the ith row of the matrix.

(8.) Repeat step (7.) until the matrix lies in reduced row echelon form.
We refer to the matrix obtained from this process as the reduced row echelon form RREF(A).

One of the best ways to understand the method of is to practice using it.
We illustrate the technique and its applications in the following several examples.



1.4. LINEAR SYSTEMS OF EQUATIONS AND GAUSSIAN ELIMINATION 31

Example 1.4.19. Let us convert the following matrix to reduced row echelon form.

2 =37
A=|-1 0 3
2 15

Considering that each of the rows of A is nonzero, we may immediately proceed to the second step
of the Gaussian Elimination algorithm. Observe that the first nonzero row of A for which the entry
in the first column is nonzero is simply the first row of A, so we may proceed to the third step of
the algorithm. Explicitly, we multiply the first row of A by % (i.e., the multiplicative inverse of 2)
to obtain an entry of 1 in the first row and first column of A. We illustrate this as follows.

2 -3 71, 1 % I
§R1}—)R1

A=1|-1 0 3 ~ -1 0 3

2 15 2 1 5

We may subsequently reduce all first column entries beneath the first row of the resulting matrix.

1 -3 7 1 =3 T 1 -3 I

2 2 2 2 2 2
Ra+Ri1—Rs 3 13| R3—2R1—Rs3 3 13

-1 0 3 ~ 0 -5 3 ~ 0 =5 3
2 15 2 1 5 0 4 3

We have therefore created a pivot of 1 in the first row and first column, so we proceed to do the
same for the second row and second column. Explicitly, we multiply the second row of the above
matrix by —% (i.e., the multiplicative inverse of —%) to obtain the following row equivalent matrix.

1 -3 1 1 -3 I
5 G| iRk T

O = 5 "~ (0 1 -3
3 3

0 4 3 0 4 3

We may then create a pivot of 1 in the second row and second column of this matrix by adding —4
times the second row to the third row, reducing the entry in the third row and second column to 0.

1 -3 7 1 -3 7
0 1 —% Ra-afyoRs | —%

3 95
0 4 3 o o 2

Last, we obtain a pivot of 1 in the third row and third column by multiplying by the multiplicative
inverse % of 9765. Ultimately, we obtain the row echelon form of A for which all pivots are 1.

1 -3 7 1 -3 T

2 2 £R3F—>R3 2 2

3| 95 i3

0 0 % 0 0 1
We proceed to the seventh and eighth steps of the algorithm. Because there
is a pivot in the second row, we eliminate first the nonzero non-pivot entries in the second column.

1 =3 z 1 0 -3

2 2 | Ri+32Ro—R;
i3 2 13
0 O 1 0 0 1
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Once this is accomplished, we put the matrix in reduced row echelon form as follows.

1 0 -3 1 0 o33 R R 1 00
13 | Ri+3R3—R: 13 23 his—= hg
0 0 1 00 1 0 0 1

Ultimately, the method of Gaussian Elimination illustrates that our original matrix A is in fact row
equivalent to the 3 x 3 identity matrix. We will see in the next section that row equivalence to the
n X n identity matrix is a very important and special property of a square matrix.

Before we conclude this section, we provide two examples that illustrate how all of the topics
we have discussed in this section come to bear on the theory of systems of linear equations.

Example 1.4.20. Consider the following real 3 x 4 system of linear equations.

$1+I2+l’3+l‘4:3
Q31+2$3+31’4:4

[L’2+934:5

Converting this system of linear equations into a matrix equation by taking the coefficients of each
linear equation as the entries of a 3 x 4 matrix A, expressing the variables 1, ..., z4 as the rows of
a 4 x 1 column vector, and writing the right-hand side as a 3 x 1 column vector yields the following.

111 17 |™ 3
102 3| [|™ =4
i
010 1] [ 5
Ty

Consequently, in order to solve this system of linear equations, it suffices to convert the following
3 x b augmented matrix into its reduced row echelon form by the method of

111 13 1 11 1|3 1 11 1]3 111 13
10 2 glaf 7R g 1 1 21 8% o0 10 1|5 010 15
010 1|5 0 10 15 0 -1 1 2|1 001 36
11 0 —2]-3

R17R3P—>R1

~ 010 1| 5

Rl 7R2l—>R1
~J

001 3| 6

Consequently, the 3 x 4 system is equivalent to the following system in reduced row echelon form.
[ 31’4 = -8
T+ Ty = 5

{E3+3334:6
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We obtain the general solution of this system by expressing each of the three variables x;, x5, and
x3 in terms of the free variable x,. Crucially, observe that the general solution is given by

I 3124 —8 3 -8
@ w5 |1 5
€= zs| | =3z 46| '3 + '
Ta Ty 1 1

Consequently, for each assignment of a real number to the free variable z,, we obtain a unique
solution &. Ultimately, this system of linear equations admits infinitely many solutions, and each
solution is determined by the value of x4 by the above equation. Below are two particular solutions.

-8
: . L 5

If x4 = 0, then the particular solution to the system is given by & = 6l
1
F T
) . L 2

If x4 = 3, then the particular solution to the system is given by & = NE
3

Considering that this system of linear equations admits a solution, we say the system is consistent.
Example 1.4.21. Consider the following real 4 x 3 system of linear equations.
r1+ 229+ 323 =10
41 + 59 + 623 =1
Tx1 4+ 8Ty + 923 =0
We obtain an augmented matrix [A ‘ b] called the coefficient matrix corresponding to this system

of linear equations by writing down the coefficients of the variables. Each equation is a distinct row.
Each variable induces a distinct column. Explicitly, we obtain the following coefficient matrix.

1 2 3|0
4 5 6|1
78 9]0
We proceed to convert the matrix to reduced row echelon form via
1 2 3|0] Ry—aRrysmy [1 2 310 12 3] 0
45 6|1 TR0 3 6 | 1| BT 0 —3 —6| 1
78 9]0 0 —6 —121]0 0O 0 0|-2

We note that from this step, it can be determined that this system of linear equations is inconsis-
tent, i.e., it has no solution. Explicitly, observe that the third row of the above augmented matrix

implies (on the level of linear equations) that 0 = 0zy + Oz + Ox3 = —2 — a contradiction.
12 3] 0] 3ol 23 07 pvipan, [1 2 3]0 10 —1]0
— 4+ Ror> 1R3> _
0 -3 —6| 1| 277 0 1 2| -1 U o1 200 TR Lo 1 20
0 0 0] -2 0 0O 1 0 0 0|1 0 0 0|1
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1.5 Inverses of Square Matrices

We will assume throughout this section that n is a positive integer. Given any n X n matrix A, we
say that an n x n matrix L is a left inverse of A if it holds that LA = I, where we denote by I the
n X n identity matrix. Likewise, we say that an n x n matrix R is a right inverse of A if it holds
that AR = I. We will establish immediately that every left inverse of A is also a right inverse and
vice-versa, hence we may dispense of the distinct notions of left and right inverses of matrices and
simply say that an n x n matrix B is a (two-sided) inverse of an n X n matrix A if it holds that
AB =1 = BA. Our next proposition shows that a two-sided inverse of a matrix A is unique.

Proposition 1.5.1. Let A be any n x n matriz. Every left inverse of A is a right inverse of A and
vice-versa (provided that both exist). Even more, if A admits a two-sided inverse, then it is unique.

Proof. Consider any n x n matrices L and R such that LA = I = AR. By Proposition , We
have that R = IR = (LA)R = L(AR) = LI = L. Consequently, L is a two-sided inverse of A. Even
more, if L' is any two-sided inverse of A, then it is a right inverse of A so that L' = L. m

Consequently, if an n x n matrix A admits a (two-sided) inverse, then it is unique, and we may
denote it by A~'. We will also say in this case that A is invertible (or non-singular). Certainly, the
zero matrix does not possess an inverse, hence some (and in fact many) matrices are not invertible.
We explore next how matrix inverses behave with respect to the matrix operations of Section

Proposition 1.5.2. If A is an invertible n x n matriz, then (AT)™1 = (AT, Put another way, if
A is invertible, then AT is invertible, and its matriz inverse is the transpose of A~

Proof. By Proposition , it follows that (A~)TAT = (AA™YHT = IT = I, and we conclude that
(AT)=t = (A™HT by the uniqueness of the matrix inverse guaranteed by Proposition : O
Proposition 1.5.3. If Ay, ..., Ay are any invertible n x n matrices, then

(A1'~Ak)_1:z4,§1mz41_1.

Put another way, the product of invertible n X n matrices is an invertible matriz, and the matriz
inverse of the product is the product of the matriz inverses in reverse order.

Proof. By Proposition , it suffices to verify that (A, '--- A7")(A; -+ A;) = I. Considering that
A7TA; = T for all integers 1 < i < k, we may replace every instance of A;'A; with I; then, using
the fact that /B = B for any n X r matrix B, the result follows after repeating this k& times. O

Corollary 1.5.4. If A is an invertible n x n matriz, then A* is invertible for all integers k > 0.
Proof. By Proposition , it follows that A* is invertible with (A*)~! = (A~1)k. O
Corollary 1.5.5. If A and B are row equivalent, then A is invertible if and only if B is invertible.

Proof. By definition, an n x n matrix A is row equivalent to the matrix B if and only if there exist
elementary row matrices E1, ..., Ej such that B = Ej, - -- B} A. Considering that A = E;*--- Ek_lB,
we conclude that A is invertible if and only if B is invertible by Propositions and .o O



1.5. INVERSES OF SQUARE MATRICES 35

Using the method of , we can determine if an n x n matrix A admits an
inverse, and we may subsequently compute A~! in this way, as well. Before we demonstrate this, we
remind the reader that two matrices are row equivalent if and only if there exist some elementary
row matrices whose product (on the left) of one matrix gives the other. Explicitly, we have that A
and B are row equivalent if and only if there exist elementary row matrices Fjy,..., Ej, such that
B = E;--- E1A. Elementary row matrices are precisely those n X n matrices obtained from the
n X n identity matrix by performing (at most) one of the following matrix operations.

1.) We may multiply any row of I by a nonzero scalar c.
2.) We may add c¢ times the ith row of I to the jth row of I.
3.) We may interchange any pair of rows ¢ and j of I.
We refer to the above operations as the
Proposition 1.5.6. Every elementary row matriz is invertible.
Proof. Let E be an elementary row matrix. Consider the following three cases.

1.) If E is obtained from I by multiplying the ith row of I by a nonzero scalar ¢, then E~! is

obtained from I by multiplying the ith row of I by the nonzero scalar ¢!,

2.) If E is obtained from I by adding ¢ times the ith row of I to the jth row of I, then E~! is
obtained from I by adding —c times the ith row of I to the jth row of I.

3.) If F is obtained from I by interchanging rows ¢ and j of I, then FE is its own inverse. m

Before we provide several equivalent criteria for the invertibility of a square matrix or establish
how to compute a matrix inverse, it is imperative to discuss how theory of systems of linear equations
comes to bear on the theory of invertible matrices. Consider the matrix equation Ax = b for some
real n x n matrix A, the real n x 1 column vector x whose ith row is a variable x;, and some real
n X 1 column vector b. Crucially, we note that if A is row equivalent to the n x n identity matrix
I, then the matrix equation Ax = b is consistent (i.e., it admits a solution): indeed, if there exist
elementary row matrices E1, ..., Ej such that Ej--- EF1A = I, then we have that

x=Ix= (B - EiA)x = Ey--- E1(Ax) = E, - -- E1b.

Conversely, if the matrix equation Ax = b admits a solution, then A must be row equivalent to the
identity matrix. We establish this as follows using a proof by contrapositive.

Theorem 1.5.7. Given any real n X n matriz A, the matriz equation Ax = b admits a solution
for every real n X 1 matriz b if and only if A is row equivalent to the n X n identity matrix.

Proof. By the paragraph preceding the statement of the theorem, if A is row equivalent to the n xn
identity matrix, then the matrix equation Ax = b admits a unique solution for every n x 1 matrix b.
Conversely, we will assume that A is not row equivalent to the n x n identity matrix. Consequently,
the nth row of the reduced row echelon form RREF(A) of the matrix A must be zero. Even more,
there exist elementary row matrices Ej, ..., Fy such that RREF(A) = E) - -- E1A. By Proposition
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, each of the n x n matrices F, ..., F} is invertible, hence their product Fj - - - F is invertible
by Proposition . Consider the real n x 1 matrix b = (Ey ... E;) e, for the nth standard basis
vector e,, that consists of zeros in each of the first n — 1 rows and 1 in the nth row. Observe that
the matrix equation Ax = b has no solution: indeed, by construction, we have that

RREF(A)x = (Ej, -+ E{A)x = Ey - - B1(AX) = Ej,--- E1b = e,

Considering that the nth row of RREF(A)x is 0 and the nth row of e, is 1, we have established that
it is impossible to obtain a real n x 1 matrix x for which the matrix equation Ax = b holds. O

By virtue of Theorem , it follows that any left inverse of an n x n matrix must be a right
inverse, as well. Consequently, the invertibility of a square matrix can be determined by checking
whether the matrix can be reduced to the identity matrix. Even more, the unique matrix inverse
of a matrix that is row equivalent to the identity matrix is simply the product of the elementary
matrices required to put the matrix in reduced row echelon form. We prove this as follows.

Theorem 1.5.8. Given any n x n matrices A and B, we have that AB = I if and only if BA=1.
Fxplicitly, any left inverse of a square matrix is the unique inverse of the matrizx.

Proof. We will assume first that AB = I, and we will demonstrate that BA = I. Conversely, we
may simply reverse the roles of A and B to find that if BA = I, then AB = I. Given any n x 1
matrix b, the matrix equation Ax = b admits a solution & = Bb: indeed, we have that

A€ = A(Bb) = (AB)b =Ib =b.

By Theorem , it follows that A is row equivalent to the n x n identity matrix, hence there exist
elementary row matrices F1,..., Ej such that Ey--- E1A = I. By Proposition , in view of the
fact that Ey --- E; is a left inverse of A, it follows that Fj - - - F; is the unique inverse of A. O

Conversely, we demonstrate that every invertible matrix is row equivalent to the identity matrix.
By Corollary , @ matrix is row equivalent to its reduced row echelon form. By Corollary ,
an nxn matrix A is invertible if and only if RREF(A) is invertible. Particularly, if RREF(A) admits
any rows consisting entirely of zeros, then it is not invertible (because the last row of RREF(A)B
is zero for all n x r matrices B), hence the underlying matrix A cannot be invertible. On the other
hand, we will establish that if all rows of RREF(A) are nonzero, then it is invertible, hence A is
invertible. Before this, we mention that an upper-triangular matrix is an n x n matrix with
the property that the (7, j)th component of the matrix is zero for all integers 1 < ¢ < j < n. Put
another way, all entries below the main diagonal of an upper-triangular matrix are zero.

Theorem 1.5.9. Every upper-triangular matrix with nonzero diagonal elements is invertible.

Proof. By definition, every n x n upper-triangular matrix U can be written as follows.

ailz aig - Qip

0 axp - az
U =

0 0 - am
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By hypothesis that a;; is nonzero for each integer 1 < ¢ < n, we may multiply the 7th row of the
above matrix by a;;' to obtain an upper-triangular matrix whose pivots are all 1. Each of these
products corresponds to multiplication of U (on the left) by an elementary row matrix, hence this
process does not come to bear on the existence of an inverse of U. Consequently, we may assume
from the beginning that this is the case, i.e., we may restrict our attention to the following situation.

I ap -+ a
0 1 - as,
o 0 - 1
By Corollary , it suffices to demonstrate that U is row equivalent to the invertible n x n

identity matrix I. We achieve this by furnishing some elementary row operations that reduces U to
I. Observe that if we add —a;,, times the last row of U to the ith row of U, then we obtain a 0 in the
(7,n)th component of the resulting matrix. Continuing in this way, we may reduce the nth column
of U to zero except in the bottom right-hand corner. Considering that adding any scalar multiple
of a row of U to another row of U is a row equivalence, we conclude that U is row equivalent to
this matrix. Continuing in this way for each column of U from right to left, it follows that U is row
equivalent to the identity matrix. By Theorem , we conclude that U is invertible. O

Corollary 1.5.10 (Invertibility Criterion). Given any n x n matriz A, we have that A is invertible
if and only if it s row equivalent to the n x n identity matrix.

Proof. By Theorems and , a matrix that is row equivalent to the identity matrix must
be invertible. Conversely, by Proposition , Theorem , and the paragraph that precedes
the theorem, an n X n matrix A is invertible if and only if the upper-triangular matrix RREF(A)
is invertible if and only if RREF(A) = I. Consequently, if A is an invertible n x n matrix, then
there exist elementary row matrices E1, ..., Ej such that Ej--- E1A = I, from which we conclude
by Theorem that the unique inverse of A is given by A~ = Ej,--- F,. m

Corollary 1.5.11. Every invertible n X n matriz is a product of elementary row matrices.

Proof. By the proof of Corollary , every invertible n x n matrix A admits some elementary row
matrices Ei, ..., Ej such that Ej - -- EyA = I. By multiplying both sides on the left by E;*--- E’k_l,
we obtain that A = E; ' - -+ E;”'. By the proof of Proposition , each of the matrices B, ', ..., B,
is an elementary row matrix, hence A is the product of elementary row matrices. O

Generally, the method of Gaussian Elimination can in practice be implemented to determine if
a square matrix is invertible and to explicitly produce the inverse of such a matrix. Observe that if
A is an n X n matrix, then we may construct the augmented matrix [A ‘ I } by adjoining the n x n
identity matrix / on the right-hand side of A. By performing elementary row operations, we may
reduce A to its reduced row echelon form RREF(A). Consequently, if A is invertible, this will reduce
I~ [1] A7)
Example 1.5.12. Consider the following 2 x 2 matrix A and the augmented matrix [A ‘ I }

o T R P

A to I and simultaneously convert I to A~!. Explicitly, this process yields that [A
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We will carry out the Gaussian Elimination as follows, listing each elementary row operation.

1 2110 R2_3£}HR21 2 10 ~RyRy 1 211 O Ri-2Ry—~R; 1 0|-5 2
3 5|0 1 0 —-1]-3 1 0 1[/3 —1 0 1| 3 -1

Consequently, we find that A is an invertible 2 x 2 matrix with the following matrix inverse.

i[5 2
| 3 -1

Example 1.5.13. Consider the following 3 x 3 matrix A and the augmented matrix [A ‘ 1 ]

111 11 1|1 0 O
A=111 2 [A[I]=]1 1 2{0 1 0
1 2 2 12 2|0 01
We will carry out the as follows, listing each elementary row operation.
1 1 1{1 0 O] Ry—mysry, [1 1 1| 1 0 O 1 1 1] 100
112010 ™®™ g0 1{-110 ™01 1|-101
12 2|0 01 01 1/-1 01 00 1|-1 10
Ri—Rs—R, |1 0] 2 -1 0
A 0 0 -1 1
0 0 1|-1 10
[1 0| 2 0 -1
B V| 0 -1 1
00 1]-1 1 O
By the paragraph preceding Example , we conclude that the inverse of A is given as follows.
2 0 -1
A'=10 -1 1
-1 1 0

Example 1.5.14. Let us determine a numerical criterion for which a real 2 x 2 matrix is invertible
by performing Gaussian Elimination to obtain the reduced row echelon form. Consider any matrix

a b
A —
c
such that a, b, ¢, and d are real numbers. Observe that if « = 0 and ¢ = 0, then A is not invertible

because the first row of the matrix BA will be zero for all real m x 2 matrices B. Consequently, we
may assume that a is nonzero. By multiplying the first row of A by a=!, we obtain the following.

a bl a-'rysr [1 a'h
A: ~/
L d} { d}
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Equivalently, the displayed matrix above is E1 A for the following elementary row matrix

We may subsequently create a pivot in the first row and first column of F1 A by adding —c times
the first row of F; A to the second row of F;A. Explicitly, we obtain the following.

B 1 a'b Ro—cRi—Ry |1 a~tb
A= [c d } ~ 0 d—atbe

Equivalently, the displayed matrix above is FsE; A for the following elementary row matrix.

10
FEy =
Observe that if d — a~'bc = 0, then the last row of EyF; A is zero, hence it is not invertible so that
A is not invertible. Consequently, we must have that d — a~'bc is nonzero, i.e., we must have that

ad — be is nonzero. Continuing onward, because d — a~'bc is nonzero, it possesses a multiplicative
inverse (d —a~'bc)~t. By multiplying the last row of FyFE; A by (d —a~tbc)™!, obtain the following.

-1 o The) - Rus By 1
EgElA:F a b :|(d be) LRy~ R [1 a b]

0 d—albe 0 1

Equivalently, the displayed matrix above is E3FE5F; A for the following elementary row matrix.

B = Ll) (d— aolbc)l}

Last, by adding —(d — a'bc)~! times the second row of A to the first row of A, we obtain a pivot
in the second row and second column. Explicitly, if we multiply E3FE;FE; A on the left by

1
E4:[1 a b}’

0 1

then we obtain E,E3EsE A = Iy so that A™! = E,F3E, F,. Explicitly, the following holds.

AT = Ll) _a_ﬂ Ll) (d—a(‘)lbc)_l} [—i ﬂ {a; (1)} - adibc {—f _2}

Consequently, our original matrix A is invertible if and only if ad — bc is nonzero.

1.6 Real Vector Subspaces and Bases

Consider any real m x n matrix A, any real n x 1 matrix x, and any real m x 1 matrix b. We say
that the matrix equation Ax = b is homogeneous if b = 0; otherwise, this matrix equation is
non-homogeneous. Every homogeneous matrix equation Ax = 0 is consistent: indeed, the zero
vector O satisfies that A0 = 0, hence it is a trivial solution of the matrix equation. Elsewhere,
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the nonzero solutions of the matrix equation Ax = 0 are referred to as non-trivial solutions.
Crucially, any linear combination of non-trivial solutions of a homogeneous matrix equation Ax = 0
forms a solution of the matrix equation: for if A&, = 0 and A&, = 0, then for any real numbers o,
and ap, it follows by the Distributive Law for Matrix Multiplication (Proposition ) that

A(a1€1 + a2€2) = CYl(Afl) + 042(1452) =10 + a0 = 0.
We summarize the above exposition in the following proposition.

Proposition 1.6.1. Every linear combination of solutions of a homogeneous matriz equation con-
stitutes a solution of the matriz equation. Explicitly, if &, and &, are solutions to the matriz equation
Ax = 0, then for any real numbers cv; and g, it follows that o€, + az€, s another solution.

Collections of vectors with the property that any linear combination of vectors in the collection
is itself a member of the collection form an important class of objects in linear algebra.

Definition 1.6.2. Given any nonempty collection W of vectors in real n-space, we will say that W
forms a subspace of real n-space if both of the following conditions hold.

1.) We have that W is closed under addition, i.e., v+ w lies in W if v and w lie in .
2.) We have that I is closed under scalar multiplication, i.e., av lies in W if v lies in W.

Example 1.6.3. One can readily verify that the zero subspace {0} is a subspace of real n-space
and the totality of real n-space R™ is a subspace of real n-space. We refer to these as the trivial
subspaces of real n-space because they represent most extreme subspaces of real n-space.

Example 1.6.4. By Proposition , for any real m x n matrix A, the collection of solutions of
the homogeneous matrix equation Ax = 0 constitutes a subspace of real n-space. We refer to this
as the null space of the matrix A, and we denote this by null(4) = {v € R" | Av = 0}.

Example 1.6.5. Consider the collection W = {[x, —z] | z € R} of vectors in real 2-space such that
the second coordinate is equal in absolute value to the first coordinate but opposite in sign.

1.) Given any real numbers x and y, observe that
[, =2l + [y, —yl=[r+y, —z—yl=[z+y,—(z+y)]
Consequently, it follows that W is closed under addition.
2.) Given any real numbers x and «, observe that
alr, —z| = [z, a(—1)] = [ax, —(az)).
Consequently, it follows that W is closed under scalar multiplication.

By Definition , we conclude that W is a subspace of real 2-space.

Example 1.6.6. Consider the collection W = {[z,2x — 3] | x € R} of vectors in real 2-space lying
in standard position and coinciding with the line y = 22 — 3. Observe that the vectors [0, —3] and
[1,—1] lie in W because they terminate at a point on the line y = 2x — 3; however, their sum [1, —4]
does not lie in W because it is not true that y = 2x — 3, so W is not a subspace of real 2-space.
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Even more, our next proposition illustrates that the span of any collection of vectors in real
n-space forms a subspace of real n-space. We may then view Example as a special case of
this: indeed, the real vectors [z, —x] = z[1, —1] are precisely the vectors in span{[1, —1]}.

Proposition 1.6.7 (Subspace Property of Span). Given any vectors vi, Vs, ..., vy in real n-space,
we have that W = span{vy,va, ..., Vi} is a subspace of real n-space.

Proof. Conventionally, the span of the empty set is the zero vector, hence the span of no vectors
in real n-space is the zero subspace. Consequently, we may assume that n > 1. By definition of
the span of vectors, every vector of W is of the form u = a3 vy + asvy + - - - + vy for some real
numbers aq, as, . .., ag, hence for any real number «, we have that

au = a(agvy + agve + - + agvy) = () vy + (aag) vy + -+ - + (o) v

lies in W so that W is closed under scalar multiplication. Likewise, for any vector of W of the form
W = [B1v1 + Bava + - - - 4+ BV, the vector u + w satisfies that

u+w= (o + f1)vi+ (ag+ Ba)va + -+ + (ar + Br) Vi,
hence W is closed under addition. We conclude by Definition that W is a subspace of R". [

Every subspace of real n-space can in fact be realized as the span of some vectors in real n-space
(or possibly none at all). We will not prove this yet, but we use it as our guide in the following.

Example 1.6.8. Compute the null space of the following real matrix.

2 4

ot © Ot
W 3 1 W

6 8
8 6
4 2

By definition, the null space of the above matrix consists of all vectors x = [z, 29, 3, x4] in real
4-space satisfying the homogeneous matrix equation Ax = 0, hence null(A) consists of all solutions
of the following homogeneous real system of linear equations.

r1+ 2209+ 323+ 424 =0

5x1 + 629 + T3+ 824 =0

921 + 8xy 4+ 723 + 624 =0

521 + 4xo + 3x3 + 224 =0
Bearing this in mind, the usefulness of the null space is apparent. Computing the reduced row
echelon form of the matrix A using allows us to determine the null space as

follows. Crucially, we need not consider the augmented matrix [A ‘ O} because the last column of
this augmented matrix consists of zeros and remains unaffected by elementary row operations.

123 4] mosmom [1 2 3 4] 1R 9 3y 123 4
5 6 7 8| Moty 4 8 19| Ther |0 1 2 3| BTReolslg 1 o9 3
9 8 7 6 ~ 0 —10 —20 —30 ~ 01 2 3 ~ 0000
5 4 3 2 0 -6 —12 —18 012 3 0000
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We are now one elementary row operation from the reduced row echelon form of the matrix A.

12 3 4 10 -1 —2
0 1 2 3| R —2Rs—Rr, |0 1 2 3
0000 ~ 00 0 0
0000 00 0 0

Considering this matrix in the context of the underlying system of equations, it follows that x3 and
x4 are free variables with which we can express x; and 5 in terms of x3 and x4 as follows.

I1—$3—2I4:O
x2+2x3+3x4:0

By solving these equations in terms of x3 and x4, it follows that x1 = x5+ 274 and o = —2x3 — 3x4.
Last, expressing these solutions as column vectors, we obtain the null space as a span of two vectors.

T T3+ 214 T3 274 1 2
—2x3— 3 —2 -3 —2 -3

«— To _ X3 Ty _ xs3 4 Ty — 24 oy
T3 T3 T3 0 1 0
Xyq Ty 0 Ty 0 1

Consequently, it follows that null(A) = span{[1, —2,1,0]7,[2, —3,0,1]"}.
Even more, by the , every real m x n matrix A induces two more
subspaces of real n-space: the row space of A is the subspace row(A) spanned by the rows of the

matrix A. Likewise, the column space of A is the subspace col(A) spanned by the columns of A.

Example 1.6.9. Consider the following real 2 x 2 matrix and its reduced row echelon form.

A= E 8} RREF(A) — B 8}

By definition, the row space of A is spanned by the rows of A; however, both of the rows of A are
the same vector, hence we have that row(A) = span{[1,0]}. On the other hand, the column space of
A is spanned by the columns; however, since there is a zero column of A and the zero vector never
contributes to the span, we have that col(A) = span{[1,1]7}. Considering the reduced row echelon
form of A in the context of the homogeneous matrix equation Ax = 0, it follows that 1 = 0 and
Ty is a free variable. Consequently, the null space of A consists of all real vectors of the form

=[] ==L
T ) 1
We conclude therefore that null(A) = span{|[0, 1]7}.
Example 1.6.10. Consider the real 3 x 3 identity matrix below.
1 00
I=10 10
0 01

Crucially, the rows and columns of I are the standard basis vectors e; = [1,0,0], e; = [0, 1, 0], and
ez = [0,0, 1] of real 3-space, hence we have that row(I) = col(/) = span{ey, e, €3} = R*. On the
other hand, we have that /v = 0 if and only if v = 0 so that null(/) = {0}.
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Example 1.6.11. Consider the following real 3 x 4 matrix and its reduced row echelon form.

1 -1 -1 0 1003
A=|1 1 -1 0 RREF(A)= [0 1 0 0
1 1 16 001 3

By definition, the row space and column space of A are given as follows.

row(A) = span{[l,—-1,-1,0],[1,1,—1,0],[1,1,1,6]}
-1 -1 0
col(A) =spang |1, | 1|, |—-1], |0
1 1 6

Considering the reduced row echelon form of A in the context of the homogeneous matrix equation
Ax = 0, we obtain the following homogeneous system of linear equations with free variable 4.

$1+3$4:O
ZL‘QZO
133+3CL’4:O

Consequently, the null space of A consists of all real vectors of the form

Ty —3x4 -3

X — i) - 0 — 0
o las | | -3z Y3l

Ty Ty 1

We conclude therefore that null(A) = span{[—3,0, —3,1]"}.

Generally, if a collection of vectors W in real n-space is the span of some vectors vy, vy, ..., Vg,
we might naturally seek to determine if every vector in W can be written uniquely as a linear
combination of vi,vs,...,vg. Consider the standard basis vectors ej,es,...,e, of real n-space:
every vector in real n-space can be written uniquely as a linear combination of e, es, ..., e, since

X = [Il,l’g,...,l’n] =x1€e1 + x9€9 + - -+ xTH€e,

and the coordinates z; uniquely determine the vector x. Generalizing to W = span{vy,va, ..., vi},
if the coefficients aq, s, ..., ap of a vector w = a1 vy + vy + - -+ + a4 vy in W are unique, then
we say that the coordinates of w are (aq,as, ..., ax) with respect to vy, v, ..., vg, and we refer
to the vectors vi,va,..., vy as a basis of the subspace W of real n-space. We point out that the
terminology of “standard basis vectors” of real n-space falls under this broader definition.
Consequently, in order to determine if a collection of vectors vy, vy, ..., v, in real n-space form a
basis for W = span{vy, vq, ..., v, }, it suffices to explore the notion of “uniqueness” of the coefficients
of a linear combination of vi,vs, ..., vy. We will say that the vectors vy, vy, ..., vy are linearly
independent if and only if a; vy + asve + - - - + vy = 0 implies that o = ay = --- =, =0, i.e.,
the only linear combination of vq, v, ..., v, that is the zero vector is the linear combination with all
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coefficients of zero. Conversely, if there exist scalars aq, ..., a, not all of which are zero such that
a1Vy] + aovy + - -+ + vy = 0, then we say that vi,vs,..., vy are linearly dependent. Observe
that in this case, there exists a nonzero scalar «; such that o;v; = —a1vy — asvy — - -+ — vy and
Vi = —04104;1V1 — azajlvg — = akai’lvk, i.e., the vector v; can be written as a linear combination
of the vectors vy, va, ..., vy excluding v;. Consequently, any collection of vectors including the zero
vector O is linearly dependent, and we may restrict our attention to nonzero vectors.

Example 1.6.12. We outline a method for determining the linear independence of vectors as
follows. Consider the vectors v = [1, 1] and w = [—3, 2] of real 2-space. By definition, v and w are
linearly independent if and only if av + fw = 0 implies that a« = 8 = 0. Expanding this equation
by componentwise addition, we find that [a, o] + [-35,28] = [0,0] or [a — 35, + 28] = [0,0].
Observe that this equation can be viewed as the following homogeneous matrix equation.

I =3 |al |0

1 28] |0
Explicitly, the matrix on the left-hand side is the matrix whose columns are the vectors v and w;
the scalars o and (8 are placed in a column vector and multiplied on the right of the matrix created
from the given vectors; and the zero vector 0 is written as a column vector equal to this matrix

product. Consequently, if the matrix whose columns are v and w is row equivalent to the 2 x 2
identity matrix I, then it will follow that « = 3 =0, i.e., v and w will be linearly independent. By

the method of , we obtain the unique reduced row echelon form as follows.
1 -3 R2—1’%\11'—>R2 1 -3 %R?RQ I -3 R1+3£,2’_>R2 10
1 2 0 5 0 1 0 1

We conclude therefore that v = [1, 1] and w = [—3, 2] are linearly independent.

Our previous example gives rise to the following general method for determining all linearly
independent vectors among a collection of vectors vy, v, ..., vy in real n-space.

Algorithm 1.6.13 (Linear Independence Algorithm). Consider any collection of vectors vy, vy, ..., Vg
in real n-space. Carry out the following steps to find a (not necessarily unique) collection of linearly
independent vectors of largest size among the vectors collection of vectors vy, va, . .., vi. (Generally,
the vectors produced by this algorithm will depend on the order of vy, vs, ..., v.)

(1.) Construct the real m x n matrix A whose jth column is the m x 1 column vector v;.
(2.) Use the method of to convert A to its reduced row echelon form.

(3.) Every column of A that contains a pivot corresponds to a vector that is linearly independent
from all other vectors. Every column that does not possess a pivot corresponds to a vector
that can be written as a nonzero linear combination of some vectors.

Proof. Either there is a pivot in the jth column of the unique reduced row echelon form RREF(A)
of the m x n matrix A, or there is not. By definition of the reduced row echelon form, if the jth
column of RREF(A) contains a pivot, then this column must be the standard basis vector e; with 1
in row ¢ and zeros elsewhere for some integer 1 <4 < j; otherwise, for each integer 1 < i < m such
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that the (7, j)th component of RREF(A) is nonzero, there exists an integer 1 < k < j such that the
(7, k)th component of RREF(A) is a pivot of 1. Consequently, the jth column of RREF(A) can be
written as a nonzero linear combination of these column vectors, hence v; is linearly dependent. [

Example 1.6.14. We will use the to determine the linearly inde-
pendent vectors among the vectors vi = [1,1,1], vo = [—1,1,1], v3 = [-1,—1,1], and v4 = [0, 0, 6].
We must construct the 3 x 4 matrix whose jth column is V;fr; then, we must subsequently convert
this matrix into its unique reduced row echelon form. We illustrate this process this as follows.

1 -1 -1 0 1 -1 -1 0 1 -1 -1 0 10 -1 0 100 3
1 1 -10/%lo 2 ool lo 1 oo ¥lo1 0o ¥lo1 o0 o
1 1 16 0 2 26 0 2 26 00 26 001 3

1.) We employed the elementary row operations Ry, — Ry — R, and R3 — Ry — Rj3.

2.) We employed the elementary row operation %Rg — Rs.

(1.)
(2.)
(3.) We employed the elementary row operations Ry + Ry — Ry and R3 — 2Ry — Rj.
(4.) We employed the elementary row operations %Rg — R3 and Ry + Rs — R;.

Consequently, the vectors vi, vo, and vs are linearly independent and vy = 3vy + Ovg + 3vg.

Example 1.6.15. We will demonstrate that the real vectors v = [1,2,3,4], vo = [5,6,7,8], and
v3 = [6,8, 10, 12] are not linearly independent.
Other benefits of the Linear Independence Algorithm include its indispensable utility in deter-

mining linearly independent spanning sets for subspaces of real n-space.

Definition 1.6.16. Given any subspace W of real n-space, we will say that a collection of vectors
Vi, Va,..., Vv forms a basis for W if both of the following two conditions hold.

1.) We have that W = span{vy, vy, ..., Vg}.
2.) We have that v, vs, ..., vy are linearly independent.

Example 1.6.17. Consider the real vectors v = [1,1] and w = [—3, 2] of Example . We have
already demonstrated that these vectors are linearly independent, hence in order to conclude that
they form a basis for real 2-space, it suffices to prove that they span real 2-space. We will achieve
this by finding the coordinates v and /5 of any vector [a, b] with respect to v and w. By definition,
we seek real numbers o and S that form a solution to the following matrix equation.

bRy

Example exhibits elementary row operations to convert the matrix on the left to reduced row
echelon form; to find a and [, we carry out these operations on the following augmented matrix.

[1 -3 a] Ro—RisRo [1 —3| a ];Rsz {1 -3 %(2a+3b)1
1 2

b 0 5|b—a 0 1 t(b—a)
Consequently, we find that [a,b] = £(2a + 3b)[1,1] + £(b — a)[—3, 2] for all real numbers a and b.

a Ri43Rz Ry 10
t(b—a) 0 1
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Example 1.6.18. Consider the real vectors vi = [2,1,—3], vo = [4,0,2], and v3 = [2,—1,3]. We
wish to determine if these vectors form a basis for the subspace of real 3-space that they span. We
achieve this by carrying out the steps outlined in the Linear Independence Algorithm.

2 4 2 10 —1 10 —1 10 -1 10 —1
10 —1| %] 24 2/%loa 4/%®lo1 ol lo1 o
32 3 32 3 02 0 01 1 00 1

1.) We employed the elementary row operation R; <+ Rs.

3

(1.)

(2.) We employed the elementary row operations Ry — 2R; — Ry and R3 + 3Ry — Rs.
(3.) We employed the elementary row operations Rs <+ Rj, %Rg — Ry, and %Rg — R3.
(1.

4.) We employed the elementary row operation R3 — Ry — Rj3.

Considering that each column of the row echelon form of the above matrix admits a pivot, it follows
that the vectors vy, vy, and v3 are linearly independent, hence they form a basis for the subspace
they span. Even more, we claim that this subspace is indeed the totality of real 3-space. Carrying
out one final elementary row operation puts the matrix in reduced row echelon form.

10 -1 100
01 o/%lo1o0
00 1 00 1

(5.) We employed the elementary row operation Ry + Rz — R;.

Consequently, the matrix A whose columns are the vectors vy, vy, and vz is invertible. Explicitly,
if we perform these elementary row operations on the 3 x 3 identity matrix, we will obtain A1,

1o0] fo10] o 10] fo 10] o 1 0] [h-1 -]
01 oW toof®lt 20l 2 Wl 2 LYo 2 1
00 1 00 1 0 31 L1 1o 1 Log 1

Given any vector x in real 3-space, it follows that x = Ix = (AA7!)x = A(A™'x). Considering that
A(A71x) is a linear combination of the columns of A, we conclude that x lies in the span of vy, vo,
and vs; therefore, since vy, vy, and vs are linearly independent, every vector in real 3-space can be
written as a unique linear combination of these vectors, so they form a basis for real 3-space.

To| = 4$1 ) 2$3 21‘2 2333 4951 X2 2$3
XT3 -3 2 3

Both of the previous examples are indicative of a general phenomenon that neatly relates many
of the concepts that we have studied in this chapter. We conclude this section with a discussion of
the connections between homogeneous systems of linear equations and matrix equations.

Theorem 1.6.19 (Fundamental Theorem of Linear Systems of Equations). Consider any consistent
mxn system of linear equations with coefficient matriz A, indeterminate matrix x, and target matrix
b. If n > m, the system admits infinitely many solutions; otherwise, the following are equivalent.
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1.) We can obtain a unique solution for the matriz equation Ax = b.
2.) We can row reduce A to the n x n identity matriz followed by m — n rows of zero.
3.) We can obtain a basis for the column space of A via the columns of A.

Theorem 1.6.20 (Fundamental Theorem of Consistent Linear Systems of Equations). Consider
any consistent m X n system of linear equations with coefficient matriz A, indeterminate matriz X,
and target matriz b. Given any solution & of the matrix equation AX = b and any solution n of
the homogeneous matriz equation Ax = 0, we have that & + 1 is a solution of the matrix equation
Ax = b. Even more, every solution of the matrix equation Ax = b is of the form & + n.

Proof. Certainly, if A = b and An = 0, then by the Distributive Law, we have that
A +m)=A+An=b+0=D.

Conversely, suppose that x satisfies that Ax = b. We seek vectors & and 1 such that A = b and
An = 0 and x = £ + n. By assumption that Ax = b is consistent, there exists a vector & other
than x such that A =b and A(x —§) = Ax — A = b —b = 0. We conclude that x — £ lies in the
null space of A, hence there exists a vector 17 such that An = 0 and x — & = 7, as desired. m

1.7 Linear Independence and Dimension

We have as yet discussed many of the concepts that we seek to employ in this section. Considering
their paramount importance, we recall several of these facts below in preparation for what follows.
We will assume to this end that vi,vs, ..., v, are vectors in real n-space.

a.) We say that the vectors vy, va, ..., vy satisfy a dependence relation if there exist scalars
Q1,Qo, ...,a, not all of which are zero such that a; vy + asvy + - -+ + o vy = 0. Given that
this is the case, the vectors vy, vs,..., Vv, are said to be linearly dependent; otherwise,
these vectors are called linearly independent. Consequently, any collection of vectors that
contains the zero vector 0 is linearly dependent: indeed, we may obtain a dependence relation
by taking the coefficients of all nonzero vectors as 0 and the coefficient of 0 as nonzero.

b.) We say that vy, vs,..., vy form a basis for a subspace W of real n-space provided that

1.) we have that W = span{vy,va,..., v} and

2.) the vectors vy, vy, ..., vy are linearly independent.
Consequently, a basis for a subspace is a linearly independent system of generators.

c.) Given any subspace W of real n-space that is spanned by vy, va, ..., Vg, one may carry out the

in order to determine a basis for W. Crucially, it is precisely

the pivots of the row echelon form of the matrix whose columns are the vectors vi,va, ..., Vg
that correspond to the linearly independent vectors among vi,va, ..., V.
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Our first objective in this section is to demonstrate that if the vectors vy, vo, ..., v; form a basis
for a subspace W of real n-space, then the non-negative integer k is unique. We refer to this number
as the dimension of W, and we write in this case that dim(W') = k. Essentially, this fact follows as
a corollary of the following proposition that states that if some nonzero vectors vy, vs,..., Vv, span
W, then any collection of linearly independent vectors consists of no more than k vectors.

Proposition 1.7.1. Given any nonzero vectors vy, ..., Vy in real n-space, consider the subspace
W = span{vy,...,vi}. Every collection of { > k vectors wy,...,wy in W is linearly dependent.

Proof. Considering that W = span{vy,..., vy}, for every collection of nonzero vectors wy, ..., wy
in W, there exist scalars aqq,...,Q1, ..., Qp1, ..., ag such that the following equations hold.

W1 = ®11V] + -+ Q1 Vg

Wy = Q1 V] + -+ Qu Vi

Consider the ¢ x k matrix A whose (¢, j)th component is c;;. We note that A is a nonzero matrix
because at least one of the scalars «;; is nonzero. By hypothesis that £ > k, the reduced row echelon
form for A will have (at least) one zero row at the bottom (because it is impossible for a pivot to
exist in row £). Consequently, there exist scalars (i, ..., 5, such that pywy + - - + Syw, = 0. O

Corollary 1.7.2. Given any pair of bases {vy,...,vi} and {wy, ..., w;} of any subspace W of real
n-space, we must have that k = (. Consequently, the dimension dim(W) of W is well-defined.

Proof. By Proposition , we must have that ¢ < k because W is spanned by vy,..., v, and
w1, ..., W, are linearly independent. Conversely, we must have that k£ < ¢ because W is spanned
by wi,...,wy and vy, ...,V are linearly independent. We conclude that k = ¢, as desired. O

Definition 1.7.3. Given any subspace W of real n-space, the unique number of elements in a basis
for W is the dimension of W; this number is a non-negative integer denoted by dim(W).

Example 1.7.4. Consider the zero subspace {0} consisting only of the zero vector 0. observe that
there are no linearly independent vectors in this subspace, hence its dimension is zero. Even more,
this is the only dimension zero subspace of real n-space: for any subspace W that contains a nonzero
vector contains a linearly independent vector, so there must be at least one vector in a basis for W.

Example 1.7.5. Considering that the totality of real n-space R™ is spanned by the linearly indepen-
dent vectors ey, e,,...,e, by the exposition following Example , we find that dim(R") = n.
Crucially, we note that the dimension of real n-space as a vector space is equal to the intuitive
dimension of real n-space. Explicitly, we exist in real 3-space, and we perceive real 4-space through
the passage of time. We can move in three directions (east-west, north-south, up-down), so it makes
sense that the dimension of any space in which there are n directions we can move must be n.

Example 1.7.6. By the , we can obtain a basis from any collection
of vectors that span a subspace of real n-space by reducing to a collection of linearly independent
vectors. Explicitly, consider the subspace W of real 4-space spanned by the following vectors.

v =[1,2,3,4] vy =1[3,2,1,0]

vy = [2,2,2,2] vy =[4,3,2,1]
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(1.) We employed elementary row operations Ry —2R; +— Ry, R3—3R; — R3, and Ry—4R; — R;.
(2.) We employed elementary row operations Rg — 2Ry — R3 and Ry — 3Ry — Ry.

We proceed to row reduce the real 4 x 4 matrix whose jth column is the vector v;.

12 3 4 1 2 3 4 1 2 3 4
2223 wlo -2 -4 —5|@|0 -2 -4 -5
3212 T lo -4 -8 -0l "o 0o 0o o0
4201 0 -6 —12 —15 0O 0 0 0

Considering that the first two columns of the row echelon form of the above matrix contain pivots,
we conclude that v; and v, are linearly independent vectors that span W. Consequently, it follows
that W = span{[1, 2, 3,4], [2,2, 2, 2]}, dim(W) = 2, and {[1, 2, 3,4],[2,2,2,2]} is a basis for W.

Algorithm 1.7.7 (Basis Algorithm). Given any real vectors vy, vs, ..., vy of real n-space that span
a subspace W = span{vy, va,..., Vg }, carry out the following algorithm to determine a basis for W.

1.) Construct the real n x k matrix A whose jth column is v;.
2.) Use the method of to obtain the row echelon form of A.

3.) Each column that contains a pivot corresponds to a basis vector in the following sense: if each
of the columns iy, s, ..., 4, contains a pivot, then it follows that W = span{v;,, vi,,..., v, },
dim(W) = ¢, and {v;,, vi,,...,Vv;,} constitutes a basis for WV.

Caution: one must use the columns of the original matrix A; neither the rows of the matrix A nor
the columns of the row echelon form of A is guaranteed to correspond to a basis for W.

Consequently, the yields a systematic method to reduce any spanning set of
a subspace W of real n-space to a basis for W. Conversely, it is always possible to extend any
collection of linearly independent vectors in real n-space to a basis for real n-space as follows.

Proposition 1.7.8. Consider any linearly independent vectors vi,...,vg lying in a subspace W
of real n-space with the property that vi,...,vy, W are linearly dependent for all vectors w in W.
We must have that {vy,..., v} constitutes a basis for W. Put another way, the largest number of
linearly independent vectors in a subspace W of real n-space is the dimension dim(W) of W.

Proof. By definition of a basis, it suffices to demonstrate that vy, ..., v, span W. Given any vector
w in W, there exist scalars aq, . .., a,, @ not all of which are zero with a;vy{+- -+, vy +aw = 0 by
hypothesis that vy, ..., vy, w are linearly dependent. On the other hand, the linear independence
of vi,..., v, implies that if a = 0, then oy = - -+ = a; = 0. Consequently, we must have that « is
nonzero so that w = aja~'vy + -+ + a,,a vy, We conclude that W = span{vy,...,v.}. ]

Corollary 1.7.9. Given any linearly independent vectors vy, ..., vy lying in a subspace W of real n-
space such that dim(W) is finite, there exist nonzero vectors Vi1, ..., ve in W such that {vy,...,v,}
constitutes a basis for W. Put another way, every linearly independent collection of vectors lying in
a nonzero subspace W of real n-space can be extended (or enlarged) to a basis for W.
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Proof. Begin with a collection of linearly independent vectors vy, ..., v,. By Proposition , if
Vi,..., Vi, W are linearly dependent for all vectors w in W, then {vy, ..., vy} constitutes a basis for
W otherwise, there exists a nonzero vector vi,; in W such that vy,..., vy are linearly indepen-
dent. Continuing in this manner yields nonzero vectors vg,1,..., vy in W such that vq,..., v, are
linearly independent and vy, ..., vy, w are linearly dependent for all vectors w in W by Proposition

. Consequently, Proposition assures that vy,..., v, form a basis for W, as desired. O

We prove at last that every subspace of real n-space has finite dimension, hence every subspace
of real n-space admits a basis. Bearing this in mind, it follows immediately that every subspace
of real n-space can be realized as the span of finitely many vectors in real n-space. Geometrically,
therefore, the following theorem ensures that every nonzero subspace of real n-space is a hyperplane.

Theorem 1.7.10. Every subspace of real n-space has finite dimension. Explicitly, if W is a subspace
of real n-space, then we must have that 0 < dim(W) < n. Consequently, every subspace of real n-
space can be realized as the span of finitely many linearly independent vectors in real n-space.

Proof. By Proposition , we have that dim(W) = 0 if and only if W contains no linearly inde-
pendent vectors if and only if W contains no nonzero vectors if and only if W = {0}. Consequently,
it suffices to establish that 1 < dim(W) < n for every nonzero subspace W of real n-space. Begin
with a nonzero vector v; in W. By Proposition , if vi and w are linearly dependent for every
vector w in W, then v; forms a basis for W; otherwise, there exists a nonzero vector vy in W such
that v; and vy are linearly independent. Continuing in this manner yields nonzero vectors vy, ..., vg
in W such that vy, ..., v, are linearly independent and vy, ..., vy, w are linearly dependent for all
vectors w in W. Explicitly, by viewing the vectors vi,..., vy, w as vectors in real n-space, we may
appeal to Proposition because R™ has dimension n. Consequently, we conclude by Proposition

that the linearly independent vectors vy, ..., vy form a basis for W and dim(W) = k. Even
more, we must have that £ < n by Proposition . Last, if dim(W) = n, then a basis for W must
be a basis for R™. Explicitly, if there were a basis {vy,...,v,} of W that were not a basis for R™,
then there would exist a vector v in R™ that were not a linear combination of vq,...,v,, i.e., the
vectors vy, ..., Vv,, v would be linearly independent. But this contradicts Proposition . O

Considering that the preceding four statements are so important, we collect them below.

Theorem 1.7.11 (Fundamental Theorem of Subspaces of Real n-Space). Consider any subspace
W of real n-space. Each of the following statements regarding W holds.

1.) We may realize W as the span of some linearly independent vectors, i.e., W admits a basis.

2.) We have that 0 < dim(W) < n. Even more, we have that dim(W) = 0 if and only if W = {0}
and dim(W) = n if and only if W = R™.

©w

FEvery collection of vectors that span W can be refined to a basis for W.

=~
~— N~ = =

Every collection of linearly independent vectors of W can be enlarged to a basis for W.

ot

Every collection of dim(W) wvectors that span W constitutes a basis for V.

S5

Every collection of dim(W) linearly independent vectors of W constitutes a basis for W.
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Example 1.7.12. Considering that dim(IR®), every collection of fewer than five vectors in R® can be
enlarged to basis for R by the . We illustrate
this fact as follows. Consider the following three vectors in real 5-space.

vy =1[1,2,3,4,5] vy =19,8,7,6,5] vz =11,0,1,0,1]

We will construct a basis for R that includes the above three vectors. We begin by fortifying the
collections of vectors with the standard basis vectors e, es, ..., e5. By the , we will
next construct the real 5 x 8 matrix whose columns are the vectors vy, va, vz, eq,€s,...,€5; the
pivots of the row echelon form of this matrix correspond to the vectors in a basis for R5.

(191100 0 0] (1 9 1 100 0 0]
2800100010—10—2—21000
37100100 %o -20-2 307100
4 6 000010 0 =30 -4 —4 0 0 1 0
5510000 1] 0 —40 -4 -5 0 0 0 1}
1 9 1 1 00 0]
) 0 —-10 -2 =2 1 0 0 O
Plo 0 2 1 2100
0 0 2 2 -3 010
10 0 4 3 -4 00 1]
1 9 1 1 0 0 0]
0 -10 -2 =2 1 0 00
Pl 0o 2 1 -2 100
0 0 0 1 -1 -1 10
0 0 0 0 =2 0 1]
1 9 1 1 0 0 0]
, 0O -10 -2 =2 1 0 00
@l 0o 2 1 -2 1 00
0 0 o 1 -1 -1 10
0 0 0O 0 1 -1 -1 1]
1.) We employed the elementary row operations R; — iRy — R; for each integer 2 < i < 5.
2.) We employed the elementary row operations R; — iRy — R; for each integer 3 < i < 5.
3.) We employed the elementary row operations Ry — R3 +— Ry and Rs — 2R3 — Rs.
4.) We employed the elementary row operation Rs — Ry — Rs.

Considering that the first five columns of the row echelon form of the above matrix contain pivots,
we conclude that {[1,2,3,4,5],[9,8,7,6,5],[1,0,1,0,1],[1,0,0,0,0],[0,1,0,0,0]} is a basis for R®.
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1.8 Rank of a Matrix

Consider any m x n matrix A. Each column of A can be viewed as a m x 1 column vector, hence
it is natural to investigate the span of the column vectors that comprise A. Explicitly, suppose
that cy,...,c, are the m x 1 column vectors such that c¢; corresponds to the jth column of A. By
definition, the span of these column vectors is the collection of all possible linear combinations of the
vectors ¢y, .. ., Cy, i.e., we have that span{cy,...,c,} = {a1ci+ -+ auc, | ai,...,q, are scalars}.
We refer to the vector space span{cy, ..., c,} as the column space of 4; its dimension is commonly
known as the column rank of A. Crucially, we note that the column space of A is nothing but the
collection of all m x 1 vectors of the form Ac, where « is any n x 1 vector of the form [ay, ..., a,]T.
Explicitly, we have that Aa = a1¢q + - - - + ¢, as illustrated in Remark

Example 1.8.1. Considering that the columns of the real 3 x 3 identity matrix I are simply the
real 3 X 1 vectors e, ey, and e3 with e; = [1,0,0], eo = [0, 1,0], and ez written as row vectors, it
follows that the column space of the 3 x 3 identity matrix I consists of all real vectors of the form

aje; + ey + azes = [aq, g, as] such that oy, as, and az are real numbers. By the exposition
following Example , this forms the totality of real 3-space, hence the column space of the 3 x 3
identity matrix is R®. Considering that dim(R?) = 3 by Example , the column rank of I is 3.

One can readily extend this argument to see that the column rank of the n x n identity matrix is n.

Example 1.8.2. Consider the following real 2 x 2 matrix.

10
A=
1o
By definition, the column space of A consists of all possible linear combinations of the columns of
A, hence every vector in the column space of A is of the form

waf]sfl -

for some real number «;. Consequently, the column space of A is simply the span of the nonzero
vector [1,1]%, hence the column rank of A is one. Observe that the reduced row echelon form

RREF(A) — {(1) 8}

of A has column space spanned by the nonzero vector [1,0]7, hence its column rank is also one.

Example 1.8.3. Consider the real 3 x 4 matrix of Example in reduced row echelon form.
1 -1 -1 0 1 00 3
A=11 1 -1 0 RREF(A)=1]0 1 0 0
1 1 16 0013

Previously, we illustrated that the column vectors [1,1,1]7, [-1,1,1]7, and [~1, —1,1]7 are linearly
independent. Considering that R? has dimension three by Example , we conclude by Theorem

(6.) that these vectors form a basis for R3, hence they form a basis for the column space of
A. Consequently, the column rank of A is three. Likewise, the column rank of RREF(A) is three
by the same rationale because the vectors [1,0,0], [0,1,0]%, and [0,0, 1]7 are linearly independent.
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Each of the previous three examples exhibit matrices whose column rank coincides with the
column rank of its reduced row echelon form. We prove next that this is no coincidence: in fact,
the column rank of a matrix is always equal to the column rank of its reduced row echelon form.

Proposition 1.8.4. Every matrix has column rank equal to the column rank of its unique reduced
row echelon form. Put another way, elementary row operations do not affect column rank.

Proof. Consider an m x n matrix A with unique reduced row echelon form R. Let Aq,..., A, and
R4, ..., R, denote the columns of A and R, respectively. By definition of the reduced row echelon
form of A, there exists an invertible m x m matrix E such that R = FA. Consequently, it follows by
matrix multiplication that R; = EFA; for each integer 1 < j < n. Observe that if there exist scalars
c1,...,cy such that c;R; + - - - + ¢,R,, = 0, then multiplying both sides of this vector equation on
the left by E yields that c;A1+---+c¢,A,, = 0. Conversely, if there exist scalars dy, ..., d, such that
diA,+---+d,A, = 0, then multiplying both sides of this vector equation on the left by E~! yields
that 1Ry + - - - + d,R,, = 0. We conclude therefore that the columns A;,,..., A;, of A are linearly

independent if and only if the columns R;,, ..., R;, are linearly independent. By Proposition
and the definition of column rank, we conclude that the column ranks of A and R are equal. ]
We may also consider the rows ry,...,r,, of an m X n matrix A, i.e., the 1 x n row vectors r;

corresponding to the ith row of A. We define the row rank of A to be the dimension of the row
space of A, i.e., the vector space span{ry,...,r,} = {airi + -+ 4+ @urym | a1, ..., ap, are scalars}.

Example 1.8.5. Like before, the rows of the real 3 x 3 identity matrix I are the linearly independent
real 3 x 1 vectors e; = [1,0,0], e; = [0,1,0], and e3 = [0, 0, 1]; these vectors span the totality of real
3-space R3, so the row space of I is R? and the row rank of the 3 x 3 identity matrix is dim(R?) = 3.
Once again, the same argument shows that the row rank of the n x n identity matrix is n.

Example 1.8.6. Consider the following real 2 x 2 matrix of Example
. 10
10
By definition, the row space of A consists of all possible linear combinations of the rows of A, hence
every vector in the row space of A is of the form

v =aq[1,0] + as[1,0] = (a1 + ao)[1, 0]

for some real numbers a; and «y. Considering that every real number can be written as the sum of
two real numbers (take one of them as zero), it follows that the row space of A is the span of the
nonzero vector [1, 0], hence the row rank of A is one. Observe that the reduced row echelon form

RREF(A) — E 8}

of A has the same row space. Consequently, we find that A and RREF(A) have the same row rank.

Example 1.8.7. Consider the real 3 x 4 matrix of Example and its reduced row echelon form.
1 -1 -1 0 100 3
A=1{1 1 -1 0 RREF(A)= [0 1 0 0
1 1 16 0013
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Consider the row vectors ry = [1,—1,—1,0], ro = [1,1,—1,0], and r3 = [1,1,1,6]. Certainly, the
vector rj3 is linearly independent from the vectors r; and ry because it has a nonzero entry in its
fourth column, and the fourth column of r; and ry is zero. Likewise, the vectors r; and ry are
linearly independent: indeed, if we take any scalars a; and as such that ajry + asry = 0, then it
follows that (o, —aq, —ag, 0) + (g, ag, —an, 0) = (0,0,0,0) so that a; + as = 0 and —a; + s = 0.
By adding the first equation to the second, we find that 2a, = 0 or oy = 0, from which it follows
that o; = 0. Ultimately, we conclude that the row rank of A is three, and the row space of A is

span{ry, ro, r3} = {[ag + g + a3, —a1 + as + a3, —ay — @ + a3, 6a3] | ag, an, a3 € R},

Likewise, the row rank of RREF(A) is three because the vectors r; = [1,0,0, 3], r, = [0, 1,0, 0], and
r3[0,0, 1,3] are linearly independent: indeed, we have that air; + asry + asrz = 0 if and only if
(o1, g, a3, 31 + 3a3) = (0,0,0,0) if and only oy = ay = a3 = 0. Last, the row space of RREF(A)
consists of all vectors of the form [ay, g, g, 3y + 3] for some real numbers aq, ag, and as.

Like before, the previous examples are illustrative of a more general observation that the row
space of any matrix is equal to the row space of its unique reduced row echelon form.

Proposition 1.8.8. FEvery matrix has row space equal to the row space of its unique reduced row
echelon form. Consequently, the row rank of a matriz is equal to the row rank of its reduced row
echelon form. Put another way, elementary row operations do not affect row space or row rank.

Proof. Consider an m x n matrix A with unique reduced row echelon form R. Let Aq,..., A,, and
R4, ..., R,, denote the rows of A and R, respectively. Certainly, it does not affect the row space
of A to interchange any number of rows of A because this amounts to relabelling the indices of
some row vectors A; and A;, and the indices of the vectors in a span do not matter by definition.
Likewise, taking any nonzero scalar multiple ¢ of any row A; of A does not affect the span of
Ay, ... A, because any vector c;A; + - -+ + ¢, A, in the span of Ay,... A, is now given by
1A+ -+ (e )eA; + -+ + e Ay, Last, replacing any row A, of A by the linear combination
cA;+ A; for any scalar ¢ and any integer 1 < i < m does not affect the span of Ay,..., A,, because
any vector c;Aqy + -+ ¢, A, in the span of Aq,..., A, can be realized as the linear combination

01A1++(CZ—C]C)AZ++C](CAZ+A])++CmAm

Consequently, every vector in the span of Ay, ..., A,, lies in the span of R4, ..., R,,. Conversely, ev-
ery row of R is a linear combination of some rows of A, hence every vector in the span of R¢,..., R,,
lies in the span of Ay, ..., A,,. We conclude that span{A,..., A,,} =span{R,,...,R,,}, i.e., the
row spaces of A and R are equal; thus, the row rank of A and the row rank of R are equal. O

Corollary 1.8.9. Elementary column operations do not affect column rank.
Proposition 1.8.10. Elementary column operations do not affect row rank.

Proof. By definition of the matrix transpose, elementary column operations on a matrix are equiv-
alent to elementary row operations on the matrix transpose; thus, according to Proposition ,
elementary row operations on the matrix transpose do not affect the column rank of the matrix
transpose, so elementary column operations do not affect the row rank of the matrix. O
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Proposition 1.8.11. FEvery matrixz can be reduced via a sequence of elementary row and column
operations to a matriz containing the r X r identity matriz in the top left-hand corner and whose
other rows and columns are all zero, where the non-negative integer r is equal to the row rank of
the matriz. Fven more, the row rank and the column rank of any matriz are equal.

Proof. Consider an m x n matrix A with unique reduced row echelon form R. Observe that if A is
the zero matrix, then its row rank and column rank are both zero, and the proposition is vacuously
true. Consequently, we may assume that R is nonzero. By definition of the reduced row echelon
form of a matrix, the nonzero rows of R are linearly independent; they span the row space of R,
hence the number of nonzero rows of R is the row rank of R. By Proposition , the row rank
of R is equal to the row rank of A, hence there are precisely r nonzero rows of R, where r is the
row rank of A. Each of the r nonzero rows of R possesses a pivot of 1 in some column, and all
other entries of any column containing a pivot are zero. By successively interchanging the columns
of R, we obtain a matrix with the r x r identity matrix in the top left-hand corner and zeros in
all subsequent rows. By construction of R, there exists a sequence of elementary row operations
that reduce A to R, so in conjunction with the aforementioned column interchanges, we obtain a
sequence of elementary row and column operations that reduces A to a matrix containing the r x r
identity matrix in the top-left hand corner and whose subsequent rows are all zero. Considering
that adding a scalar multiple of one column to another column is an elementary column operation,
we can reduce any nonzero columns strictly to the right of column r to zero. Explicitly, if a is
the (¢, 7)th component of the matrix and 1 < i < r and r+1 < j < n, then C; — cC; — C;
yields a 0 in the (4, 7)th component of the resulting matrix. Each of these is an elementary column
operation, so after a sequence of elementary column operations, we obtain the desired matrix of the
proposition statement. Last, neither elementary row operations nor elementary column operations

affect column rank by Propositions and , hence the column rank of A is equal to the
column rank of this matrix, which equals the row rank of the matrix, i.e., the row rank of A. [
Consequently, by Proposition , the row rank and column rank of any matrix coincide;

their common value is referred to simply as the rank of A. Even more, the previous proposition is
constructive in the sense that it gives a simple recipe to find the rank of a matrix.

Corollary 1.8.12. The rank of a matriz is equal to the number of pivots of its row echelon form.
Corollary 1.8.13. An n x n matriz A is invertible if and only if rank(A) = n.
Example 1.8.14. Consider the following real 2 x 2 matrix.

=[5 7

By Corollary , in order to find the rank of A, it suffices to find the row echelon form for A.
We accomplish this by performing elementary row operations on A as follows.

1 —1] metrysre [I =1
-1 1 0 0

We have obtained a pivot in the first row of the matrix. Consequently, the rank of A is one. We
note that if the matrix A had a pivot in each of its two rows, then it would be row equivalent to
the 2 x 2 identity matrix, hence A would be invertible by the
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Example 1.8.15. Consider the following real 3 x 3 matrix.

1 -1 2
A=12 01
1 -1 2
By Corollary , in order to find the rank of A, it suffices to find the row echelon form for A.
We accomplish this by performing elementary row operations on A as follows.
1 =1 2] Ry—mismry [1 —1 2
2 0 1| ®TRTE 0 2 1
1 -1 2 0O 0 0

We have obtained pivots in rows one and two. Consequently, it follows that the rank of A is two.

Before we conclude this section, we provide the following algorithm for determining bases for the
row space, column space, and null space of a matrix; then, we provide several examples to illustrate
the technique. Example provides the definition of the null space of a real m x n matrix as the
collection of vectors v in real n-space such that the matrix product Av = 0. Consequently, we may
view the null space of a matrix as all solutions of the homogeneous matrix equation Ax = 0.

Algorithm 1.8.16 (Constructing Bases for the Row Space, Column Space, and Null Space). Con-
sider any real m x n matrix A that is row equivalent to a matrix R in row echelon form.

1.) By definition, the row space of A is the subspace of R™ spanned by the rows of A. By Propo-
sition , elementary row operations do not affect the row space of A. Even more, the proof
of this fact illustrates that the nonzero rows of R form a basis for the row space of A.

2.) Likewise, the column space of A is the subspace of R™ spanned by the columns of A. Proposi-
tion shows that elementary row operations do not affect the column space; the columns of
R with pivots yield a basis for the column space of A by the

3.) Last, the null space of A is the subspace of R™ formed by the vectors v satisfying that Av = 0.
Elementary row operations correspond to left multiplication by elementary row matrices; these
matrices are invertible by Proposition , so the vector v lies in the null space of A if and
only if v lies in the null space of R. Consequently, the null space of A is the same as the null
space of R, so a basis for the null space of A is provided by a basis for the null space of R.
One advantage of this is that the null space of R is easily determined via back substitution.

Even more, the rank of the matrix A is equal to the number of pivots of R by Corollary

Example 1.8.17. Consider the following real 2 x 4 matrix A.

1 2 3 4
A —
{5 6 7 8}
By Algorithm , to determine the row space, column space, null space, and rank of A, we

convert A to row echelon form. We require only the elementary row operation Ry — 5R; — Rs.

1 2 3 4 1 2 3 4
5 6 7 8 0 -4 -8 —12
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Consequently, there are pivots in the first and second columns of A, so the following are immediate.

I‘OW(A) = span{[l, 27 37 4]7 [07 _47 _87 _12]}

N

Even more, we have that rank(A) = 2 because there are two pivots in the row echelon form of A.
We obtain a basis for the null space of A by performing further elementary row operations to obtain
the reduced row echelon form of A. We achieve this in the following two steps.

1 2 3 41wt 2 3 4@t 0o -1 -2
0 —4 —8 —12 0123 01 2 3

1.) We performed the elementary row operation —iRg — Ro.

2.) We performed the elementary row operation Ry — 2Ry — R;.

Consequently, the null space of A consists of vectors v = [v1, vy, v3, v4]7 with v; — v3 — vy = 0 and

vy + 2v3 + 3vy = 0. Explicitly, we have that v; = v3 + 2v4 and vy = —2v3 — 3wy, hence we find that

U1 V3 + 204 U3 2u4 1 2
—2v3 — —2 — —2 —
v = V2 _ (%R} 31)4 _ V3 + 31)4 — s Ty 3 .
U3 Vs Vs 0 1 0
Vg (2 0 V4 0 1

1 2

—2 -3

null(A) = span N
0 1

Example 1.8.18. Consider the following real 3 x 2 matrix A.
11
A=11 0
2 1

Converting to the row echelon form of A, we obtain bases for the row space and column space. Even
more, if we wish to determine the null space of A, we will find the reduced row echelon form of A.

11 11 10
1ol Yo —1| %o 1
9 1 0 —1 00

1.) We performed the elementary row operations Ry — Ry — Ry and R3 — 2Ry — Rj.
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2.) We performed the row operations —R3 — R3, Ry + R3 — Ry, Ry — R3 — Ry, and Ry <> R3.

Consequently, the rank of A is two, and the content of Proposition is illustrated. We conclude
that row(A) = R? because the nonzero rows of RREF(A) are precisely the standard basis vectors
of R?. We use the columns of A corresponding to the columns of the row echelon form of A with
pivots as a basis for the column space of A according to the

1
col(A) = spang [1], |0
1

Last, the null space of A consists of vectors v = [vy, UQ]T with v; = 0 and vy = 0 because the reduced
row echelon form of A has pivots in the first two rows followed by a row of zeros. Consequently,
the null space of A is the zero subspace of R?, i.e., we conclude that null(4) = {[0,0]}.

Crucially, the previous examples suggest that the dimension of the null space of a real m x n
matrix A is simply the number of free variables in the system of linear equations induced by the
matrix equation Ax = 0. Call the dimension of null(A) the nullity of A and denote it by nullity(A).
By Proposition , this is the number of pivot-free columns of the row echelon form of A. Even
more, the number of zero rows of RREF(A) and the rank of A sum to the number of columns of A.

Theorem 1.8.19 (Rank Equation). Given any real m x n matriz A with row echelon form R,

1.) the nullity of A is the number of free variables in the system of linear equations Ax = 0, i.e.,
nullity(A) is the number of pivot-free columns in the row echelon form R of A;

2.) the rank of A is the number of pivots in the row echelon form R of A; and

3.) the rank and nullity of A sum to the number of columns of A, i.e., rank(A) + nullity(A) = n.

1.9 Real n-Space, Revisited

Earlier in this chapter, we explored the geometry of real n-space using the language of vectors and
the vector dot product. Explicitly, we established the following properties of vectors in real n-space.

a.) Fach vector x = [z1, 9, ..., 2,] in real n-space admits a non-negative length (or magnitude)

Il = /a2 + a3+ 4 a2,

Even more, the magnitude is non-degenerate in the sense that ||x|| = 0 if and only if x = 0,
and for any real number «, we have that ||ax|| = |«|||x]| (Proposition ).

b.) Every pair of vectors x = [z1, 9, ...,2,] and y = [y1,¥e, . .., yn] in real n-space induce a real
number called the dot product of x and y and defined by

Xy =21Y1 + ToYo + -0+ TpYn.



1.9. REAL n-SPACE, REVISITED 59

Crucially, the dot product is commutative, distributive across vector addition, homogeneous,
non-degenerate in the sense that x-x = 0 if and only if x = 0, and satisfies the Law of Cosines

Ix =yl = [Ix[* + [[yI* = 2l |yl cos(®)
for the angle 6 between x and y (Proposition ). Consequently, the dot product satisfies
x -y = [|[x[[[[y| cos(6).

c.) Generalizing the notion of perpendicular vectors in the plane, we say that a pair of vectors
x and y in real n-space are orthogonal if x - y = 0. Equivalently, we note that x and y are
orthogonal if and only if the angle 6 between x and y is 90° (Proposition ).

d.) Given any nonzero, non-parallel vectors x and y lying in standard position in real n-space,
the parallelogram spanned by x and y can be pictured as follows.

i h
VO R
y
Observe that the angle 6 of intersection between x and y satisfies that h = sin(f). Because
the area of a parallelogram is the product of its base and its height, it is h||y|| = |y || sin(@).

Consequently, the area of the parallelogram spanned by x and y is ||x||||y|| sin(6).

Consider the second and fourth points above. Given that x and y are nonzero, non-parallel vec-
tors lying in standard position in real n-space, they span a parallelogram of area a = ||x||||y|| sin(¢)
for the angle 6 between x and y. Considering that sin®(6) + cos?(#) = 1, the following hold.

a® = |[x[*[ly[|* sin*(0)
a® = ||x[*[ly[I*[1 — cos*(0)]
a® = |[x[PP[ly[[* — [[x[*[ly[|* cos*(6)
a® = [Ix[*ly [l — (x - y)?
Restricting our attention to vectors in the plane, we may assume that x = [z1, 2] and y = [y, yo].
By definition, we have that ||x||? = 2% + 23, ||ly||* = v7 + v3, and X -y = 211 + T2y so that
@ =[xy |~ (c-y)?
= (21yf + 21y5 + 231 + 23y3) — (21y1 + 201229192 + 13Y3)
= 27y5 — 201 22Y1Y2 + Tay;
= (1192 — 9€2y1)2-
Consequently, the area of the parallelogram spanned by x and y in the plane is a = |21y, — x2y1|. We

refer to the real number 1y, — x99, as the determinant of the vectors x = [zq, x5] and y = [y, yo]-
Considering these vectors as the rows of a 2 x 2 matrix, we define the determinant of a 2 x 2 matrix
1 T2

([ ) -
Y Y2 Yyr Y2

as the difference of the product of the diagonal and antidiagonal entries of the matrix.

= T1Y2 — T2Y1
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Example 1.9.1. Consider the following real 2 x 2 matrix.
1 2
A=
5
We have that det(A) = (1)(4) — (2)(3) = —2, so the determinant of A is —2.

Example 1.9.2. Consider the following real 2 x 2 matrix.
A 1 2
3 6
We have that det(A) = (1)(6) — (2)(3) = 0. Crucially, we note that the vectors [1,2] and [3, 6] in

real 2-space are parallel because [3,6] = 2[1, 2], hence they do not span a parallelogram.

Example 1.9.3. Consider the parallelogram in real 2-space with vertices (0,0), (2,1), (5,1), and
(3,0). Graphing the parallelogram in the plane, we find that it is spanned by the vectors x = [2, 1]
and y = [3,0]. Consequently, the area of the parallelogram is the absolute value of the determinant

‘g (1)’ = (2)(0) = ()(3) = 3.

We conclude that the area of the parallelogram is 3 units?. Crucially, we note that this is exactly

= (3)(1) = (0)(2) =3,

30
2 1

hence swapping the rows of the matrix simply changed the sign of the determinant.

Given any vectors and y = [y, ¥2, y3| in real 3-space, the cross product
€e; €2 e3
Xy = = (1oys — rsy)er — (11ys — rsyr)es + (11y2 — 1oyr)es
Y Y2 Y3

of the vectors x and y is defined as the symbolic determinant of the standard basis vectors ey, ey,
and e3 with the vectors x and y expressed as the second and third rows of a matrix, respectively.
Crucially, observe that x x y is in fact a vector in real 3-space satisfying the following properties.

Proposition 1.9.4 (Properties of the Cross Product). Consider any vectors x, y, z in real 3-space.

1.) We have that x X y = —(y X X).

\)

We have that x x (ax) = 0 for all real numbers a.

w

We have that x X (ay) = a(x X y) for all real numbers c.

W

ot

We have that (x X y)-z=(zxx)-y=(y X2)- X

)
)
)
) We have that (x +y) x 2= (x x z) + (y x 2) and x x (y +2) = (x x 2) + (y X 2).
)
6.)

We have that (x X y)-x=0 and (x xy) -y =0.
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Proof. Each of the first three properties follows immediately from Theorem because the cross
product is defined by a 3 x 3 determinant. Likewise, the fourth property follows from Proposition

because the cross product (x+y) x z is determined by the matrix whose second row is the sum
of the second row of the matrices that determine x x z and y x z. Consequently, it suffices to prove
the fifth, sixth, and seventh properties of the cross product. We will assume that ,
v = [y1,v2,ys], and z = 21, 25, z3]. Computing the cross products yields the following.

€1 € €3
Xy = = (1oys — rsy2)er — (11ys — 1sy1)es + (1Yo — 1oy1)es
Y1 Y2 Ys
€ € €3
yXz=\y1 Y2 Y3l = (3/223 - 3/32’2)81 - (Z/123 - 932’1)62 + (3/122 - 922’1)83
Z1 R2 Z3

By subsequently taking the dot products, we obtain the following identities.

(x xy)-z=(12ys — r3y2)21 — (11y3 — 1391) 22 + (01Y2 — 10y1)23
= 11Y223 — T1Y322 + ToY321 — ToY123 + L3Y122 — I3Y221

= (Y223 — y322) — (Y123 — y321) + (Y122 — 9221) = (y x Z) )

Changing the names of the vectors establishes that each of these quantities is equal to (z x x) -y, so
we omit the details. Consequently, the fifth property of the cross product is established. Combining
the first and fifth properties above, we conclude that (x X y)-x = (y X X)-x = —(x X y) - X, hence
we must have that (x x y) - x = 0. Likewise, it follows that (x x y) -y = 0, as desired. O

Consequently, by the sixth part of , the cross product yields a
tried-and-true method to construct nonzero vectors orthogonal to a given pair of vectors x and y.

Example 1.9.5. Constructing a nonzero vector that is orthogonal to the vectors x = [—1, 3, 4] and
y = [—2,—1, 3] in real 3-space amount to determining the cross product x X y.

xxy=|-1 3 4|=[3)6) @Dl — [(-1)() = (A(-2)es + [(-1)(~1) — (B)(~2)]ey
-2 -1 3

Computing each of the coefficients yields that x xy = [13, —5, 7]. We can rest assured by the theory
that x x y is in fact orthogonal to x and y, but we may compute the dot products for verification.

xy)-x=[13,-5,7 x [-1,3,4] = (13)(=1) + (—=5)(3) + (7)(4) = —13 — 15+ 28 = 0
(xxy)-y=][13-57 x [-2,—1,3] = (13)(=2) + (=5)(—=1) + (7)(3) = =26 + 5+ 21 = 0
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Example 1.9.6. Consider the plane determined by the non-collinear points (1,2, 3), (2,5,0), and
(—1,0,3) in real 3-space. Considering the point (1,2, 3) as a local origin, we obtain vectors

x =[2,5,0] —[1,2,3] =[1,3,—3] and

y =[-1,0,3] — [1,2,3] = [-2,—2,0]
that span the plane: indeed, these vectors are linearly independent (the third coordinate of y is
zero), and they lie in the plane by construction, hence they form a basis for the plane that contains

them. Consequently, to determine a vector orthogonal to the plane, it suffices by the third and
fourth parts of to determine the cross product of x and y.

(S5} €9 €3
xxy=| 1 3 —3|= —6ej + 6ey+ de3 = [—6,6,4]
-2 =2 0

Considering the point (1,2,3) as a local origin, every point in the plane spanned by x and y is of
the form (x — 1,y — 2,2 — 3), hence x X y is orthogonal to the vectors [x — 1,y — 2,z — 3].

One can simplify the left-hand side to obtain the equation of the plane —3z + 3y + 22 = 9.
Geometrically, the magnitude of the cross product of a pair of vectors has a nice interpretation.

Proposition 1.9.7. Given any nonzero, non-parallel vectors x and y lying in standard position in
real 3-space, the area of the parallelogram spanned by x and 'y is ||x X y||.

Proof. By the exposition preceding the list provided at the beginning of the section, the square of
the area a of the parallelogram spanned by x and y satisfies that

a = [[x|*llyll* — (- ¥)*

Consider the vectors x = [z, x2, x3] and y = [y1, ¥2, y3] according to their coordinates. By definition
of the magnitude and the dot product, we have that ||x|* = 2% + 23 + 23, ||y|> = v? + v5 + v3,
Xy = T1y1 + Loy +w3ys, and ||x X y||* = (zays —23y2)® + (w13 — 2391)* + (2192 — v291)°. Expanding
and simplifying the identity for a? in terms of the coordinates of x and y completes the proof. [

1.10 Determinants of n x n Matrices

Back in Section 1.9, we defined the determinant of a real 2 x 2 matrix as the real number

d a1 G12 .
et = 11022 — A12021.
Q21 Qa22

Explicitly, the determinant of a real 2 x 2 matrix is the difference of the product ajjass of its
diagonal entries and the product ajsaq; of its antidiagonal entries. Generally, the determinant of
an n X n matrix can be defined recursively for any positive integer n. Beyond special cases, we
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will not typically concern ourselves with determinants of matrices with more than three rows and
columns, so it suffices to define the determinant of a real 3 x 3 matrix. Out of desire for notational
convenience, we will seldom use the det(—) notation for a matrix whose components we wish to
display explicitly; rather, we will denote the determinant using vertical bars as follows.

aix Gz
= Q11022 — Q12021

Q21 Q22

Under this identification, the determinant of a 3 x 3 matrix can be defined as follows.

ail aiz Aais

Q22 A23 21 Q23 a21 21

Qo1 Q22 Q23| = 411 — Q12 + aq3

Explicitly, we take the product of the (!, 1)th component a;; of the matrix with the determinant of
the 2 x 2 submatrix obtained by deleting row and column one; then, we subtract from that the
product of the (1,2)th component a5 of the matrix with the determinant of the 2 x 2 submatrix
obtained by deleting row and column two; and last, we add to that the product of the (1, 3)th
component of the matrix with the determinant of the 2 x 2 submatrix obtained by deleting row
and column three. Using the determinant of a 2 x 2 matrix, we obtain the following formula.

a1; Qa2 Qi3
a21 A2z Q23| = a11(a22 — A23 ) - CL12(CL21 — Qa23 ) + CL13(6L21 — U229 )

One naturally wonders the purpose of defining the determinant of a 3 x 3 matrix by expanding
along the first row, i.e., using the first row of the matrix as the coefficients of the determinants of
the attendant 2 x 2 submatrices instead of using the second row or even some column of the matrix.
Out of curiosity and for illustrative purposes, let us compute the determinant using the second row
of the matrix. Essentially, we must rearrange the above displayed equation to obtain an alternating
sum of ag1(a12055 —ay305), as(arias; —azas), and ass(agyas —agaas); the differences are obtained
as the determinants of the 2 x 2 submatrices obtained by deleting the row and jth column
for each integer 1 < j < 3. By finding each of these terms in the above displayed equation and
determining the appropriate signs, we obtain the following description of the determinant.

11 aiz2 A3
21 Ag22 (Ag3| = —G21(a12 — 13 ) + (l22(&11 — a3 ) - Cl23(a11 — Q12 )

Generally, according to this idea, we may define the determinant of an n x n matrix as follows.

Definition 1.10.1. Given any n x n matrix A, let A;; denote the (n — 1) x (n — 1) submatrix of
A obtained by deleting the ith row and jth column of A. We define the determinant of A by

n

det(A) =Y (=1)"a;; det(Ay).

=1



64 CHAPTER 1. VECTORS AND MATRICES

Example 1.10.2. By the recursive definition of the determinant, we obtain the following.
1 2 3
45 6/=15-9-6-8)—24-9-6-7)+34-8=5-7)=-3—-2(—6)+3(-3)=0

Example 1.10.3. By the recursive definition of the determinant, we obtain the following.
1 10
10 1}=10-1—-1-1)=1(1-1=1-0)+0(1L-1=0-0)==1—-140= -2

Earlier in this chapter, we discussed the importance of the three elementary row operations for
matrices. Explicitly, the method of can be used to convert a real m xn matrix
to its unique reduced row echelon form, from which many important properties of a matrix (e.g.,

rank and invertibility) can be deduced. Consequently, it is natural to consider the behavior of the
determinant of a matrix with respect to the elementary row operations. We achieve this as follows.

Proposition 1.10.4. Given any n x n matrix A and any scalar «, consider the n X n matriz B
obtained from A by multiplying any row of A by a. We have that det(B) = adet(A).

Proof. We will assume that B is obtained from A by multiplying the ith row of A by «. Consider
the (n — 1) x (n — 1) matrix A;; obtained from A by deleting the ith row and jth column of A. By
hypothesis, we have that b;; = aa;; and B;; = A;; for each integer 1 < j < n. By Definition ,
we conclude that det(B) = 3"_, (—1)*7by; det(By;) = a(zyzl(—wﬂaij det(Aij)) — adet(4). O

Corollary 1.10.5. Given any n X n matriz A with a zero row, we have that det(A) = 0.

Proof. We will assume that the ith row of A is zero. Considering that A is obtained from some n xn
matrix B by multiplying the ith row of B by zero, we conclude that det(A) = 0det(B) = 0. O

Corollary 1.10.6. Given any n X n matriz A and any scalar ., we have that det(aA) = o™ det(A).

Proof. By definition, the n x n matrix a4 is obtained from the matrix A by scaling each of the n
rows of A by a. Consequently, we have that det(aA) = o™ det(A) by repeatedly factoring a. O

Proposition 1.10.7. Given any n xn matrices A and B that are equal except in one row, consider
the n X n matriz C' obtained from A and B by adding the two rows of A and B that are distinct
and including all of the rows of A and B that are equal. We have that det(C') = det(A) + det(B).

Proof. We will assume that the ith row of A is distinct from the ith row of B for some integer
1 <7 < n. By definition, the n x n matrix C satisfies that c;; = aj; = bjj for all integers 1 < j <n
with j # i and ¢, = ay, + by for all integers 1 < k < n. Consequently, the (n — 1) x (n — 1) matrix
C;i, obtained from C' by deleting the ith row and the kth column of C satisfies that C;, = A;, = By
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so that det(Cj) = det(A;x) = det(B;x) for all integers 1 < i < k. We conclude the result as follows.

det(C) =Y (1) e det(Cin) = > (=1) ™ (ap + biy) det(Ci,)
k=1 k=1

(—1)i+kai1€ det(Czk) + Z(—l)ﬂ_kbzk det(C’,k)
1 k=1

k

3

(=) *ay det(Ag) + > (—=1)" by det(By)
k=1

i
I

= det(A) + det(B) O
Proposition 1.10.8. Given any n X n matriz A with two equal rows, we have that det(A) = 0.

Proof. We will proceed by induction on the integer n > 2. Certainly, if there are only two rows of
A, then they must be equal to one another, hence the result holds in the case that n = 2 as follows.

a1 G2 —0
= a11a12 — A12011 =

@11 a2

Consequently, we may assume inductively that the result holds for some integer n > 3. We may
assume that the ith row of A and the jth row of A are equal for some integers 1 < i < j < n.
Consider the n xn matrix Ay, obtained from A by deleting the kth row and /th column of A for some
integer 1 < k < n that is distinct from both ¢ and 7. We may find such an integer £ by assumption
that n > 3. Crucially, we note that the ith row of Ay, and the jth row of Ay, are equal for all
integers 1 < ¢ < n, hence by induction, it follows that det(Ag,) = 0 for all integers 1 < ¢ < n. By
Definition , we conclude the desired result that det(A) = >, (=1)*ay, det(Ag) =0. O

Proposition 1.10.9. Given any n X n matriz A, any scalar o, and any integers 1 < i < j < n,
consider the n X n matriz B obtained from A by replacing the jth row of A with the sum of a times
the ith row and the jth row of A. We have that det(B) = det(A). Put another way, if we add any
scalar multiple of a row of an n X n matriz to any other row, the determinant does not change.

Proof. By definition of B, we have that by, = az, for all integers 1 < k < n such that k& # j
and bj; = aay + aje for all integers 1 < ¢ < n. Consider the n x n matrix C obtained from
A by replacing the jth row of A with « times the ith row of A. Crucially, observe that B is
obtained from A and C' by including all common rows of A and C and taking the sum of the
jth rows of A and C' as the jth row of B. Consequently, by Proposition , we have that
det(B) = det(A) + det(C). Consider the n x n matrix D obtained from A by replacing the jth
row of A with the ith row of A. Explicitly, we note that C' is obtained from D by multiplying
the jth row of D by a. By Proposition , we have that det(C') = adet(D). Considering that
the ¢th and jth rows of D are equal, it follows from Proposition that det(D) = 0 so that
det(B) = det(A) + det(C) = det(A) + adet(D) = det(A). O
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Corollary 1.10.10. Given any n x n matriz A, if some row of A can be written as a linear
combination of some other rows of A, then we have that det(A) = 0.

Proof. We will denote by A; the ith row of A. Consider the case that A; = oy A;, + -+ + a4, for
some integers 1 < iy < --- < 1, < n and some scalars aq, ..., a;. By rearranging the terms of the
above identity, we find that —a;A4;, — -+ — a;4;, + A; = O. Consequently, we may subtract «;
times the i;th row of A from the i¢th row of A for each integer 1 < j < k to reduce the ith row of
A to zero. By Proposition , this process does not change the determinant of A; on the other
hand, the determinant of the resulting matrix is zero by Corollary so that det(A) =0. O

Proposition 1.10.11. Given any n X n matriz A, consider the n X n matrix B obtained from A by
interchanging any pair of rows of A. We have that det(B) = —det(A). Put another way, swapping
any pair of rows of an n X n matrixz alters the sign of the determinant.

Proof. Certainly, if any pair of rows of A are equal, then we have that det(B) = 0 = —0 = —det(A).
Consequently, we may assume that all rows of A are distinct. Crucially, we may obtain B from A
by a sequence of operations that alter the determinant in exactly the manner claimed. Begin with
the matrix C' that is obtained from A by replacing the ith row of A with the sum of the ith and jth
rows of A. By Propositions and , it follows that det(C') = det(A). Consider next the
matrix D that is obtained from C' by subtracting the ith row of C' from the jth row of C' so that
the jth row of D is the ith row of A with the opposite sign. By Proposition , it follows that
det(D) = det(C') = det(A). Last, we notice that B can be obtained from D by multiplying the jth
row of D by —1; then, Proposition yields that det(B) = —det(D) = —det(A). O

By the previous laundry list of properties of the determinant, we have fully described the behav-
ior of the determinant with respect to the elementary row operations on matrices. We demonstrate
next these properties also hold for the columns, and we summarize in the following corollary.

Proposition 1.10.12. Given any n x n matriz A, we have that det(AT) = det(A).

Proof. Unlike usual, we will prove the proposition only in the case that n = 2 or n = 3; the proof of
the general case is beyond the scope of this class at the moment. Observe that the following hold.

aix G2 . |11 G21
= 11022 — Q12021 = A11022 — A210A12 =

Q21 A22 Q12 A22

Considering that the left-hand side is an arbitrary 2 x 2 matrix and the right-hand side is the
transpose of this matrix, the result holds for n = 2. Likewise, the following identities hold.

ail aiz Aais

a21 A2z QA23| = @11(@22 — (23 ) - alz(azl — Q23 ) + Cl13((1/21 — (22 )
ail a1
aiz2 A2 = (111(@22 — (23 ) - (121(Cl12 — 13 ) + ((1120/23 - 013@22)
@13 a23

Once again, the result holds as soon as we recognize that the right-hand sides are equal. O
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Theorem 1.10.13 (Properties of the Determinant). Consider any n x n matriz A.
1.) We may compute det(A) by expanding along any row of A.
2.) By multiplying any row of A by a, we multiply det(A) by a.

3.) By adding a scalar multiple of one row of A to another row, we do not change det(A).

5.) We have that det(A) = 0 if any row of A is zero.

6.) We have that det(A

)
)
)

4.) By swapping two rows of A, we change the sign of det(A).
)
) 0 if any pair of rows of A are equal.
)

(4)
(4) =
7.) We have that det(A) = 0 if any row of A is a linear combination of other rows of A.
8.) We have that det(A) = adet(RREF(A)) for some scalar «.

Each of the above statements also holds if we use columns instead of rows.

Example 1.10.14. Consider the following real 3 x 3 matrix.

1
A= |2
3

D =N

3
6
9

Considering that the second row of A is equal to twice the first row of A, it follows by Proposition
that det(A) = 0. One could make a similar argument with the first and third rows of A.

Example 1.10.15. Consider the following real 3 x 3 matrix.
1 10
A=11 2 1
2 11

By employing the elementary row operations Ry — Ry — Ry and R3 — R; — Rj3, according to

Proposition , we do not alter det(A). Consequently, obtain the following 3 x 3 matrix.
110
B=10 11
1 01
By employing the elementary row operation Ry <+ R3, we obtain the following 3 x 3 matrix.
110
C=1101
011
By Example and Proposition , we conclude the following.

110
det(A) = —det(C)=—1 0 1| =2
0 11
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Example 1.10.16. Consider the following real 3 x 3 matrix.
0 01
A=1(0 1 0
1 00

By employing the elementary column operation € <> C5, we obtain the 3 x 3 identity matrix.

Consequently, by Theorem , we have that det(A) = — det(I3x3). Last, observe the following.
100 1o
0 01

1.11 The Adjugate of a Matrix

Every square matrix possesses a numerical invariant called its determinant. We will come to un-
derstand throughout this course that the determinant of a matrix contains a wealth of information
about the properties of the matrix (e.g., ). Computing the determi-
nant of a square matrix amounts to recursively expanding the matrix about some row or column
by multiplying each subsequent entry a;; of the specified row or column of the matrix by the deter-
minant of the submatrix obtained by deleting the ith row and column jth column of the matrix.
One other way to obtain the determinant of an n X n matrix A is as the coefficient of the scalar
matrix det(A)I. We achieve this by taking the product of A with its adjugate matrix adj(A).
We note that the adjugate matrix can also be encountered under the name of the classical adjoint
(cf. | , Exercise 5.2.3]); however, we will not adopt such terminology here because it is often
associated with another object related to linear transformations. Like with the determinant, the
adjugate matrix is defined recursively beginning with the case of 2 x 2 matrices as follows.
[ [
Explicitly, the adjugate matrix of any 2 x 2 matrix is obtained by swapping the elements on the
main diagonal and changing the signs of the elements on the antidiagonal. Observe the following.

e I R N e

Consequently, if det(A) is nonzero, then A is an invertible 2 x 2 matrix with A= = #(A) adj(A).
We will soon verify that this rationale is much more general and applies to square matrices of

all sizes. Before we are able to do this, we must define the adjugate of any n x n matrix.

Definition 1.11.1. Given any n x n matrix A, let A;; denote the (n — 1) x (n — 1) submatrix of
A obtained by deleting the ith row and jth column of A. We refer to the scalar ji;; = det(A;;) used
in the definition of the determinant of A as the (4, j)th minor of the matrix A.

Definition 1.11.2. Given any n x n matrix A, let p;; denote the (4, j)th minor of A, i.e., u;; is
the determinant of the (n — 1) X (n — 1) submatrix of A obtained by deleting the ith row and jth
column of A. We refer to the scalar v;; = (—1)"p;; as the (i, j)th cofactor of the matrix A.
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Definition 1.11.3. Given any n x n matrix A, let 7;; denote the (4, j)th cofactor of A, i.e., suppose

that v;; = (—1)"7u;; = (—1)"" det(A;;), where A;; is the matrix obtained from A by deleting its

ith row and jth column. We refer to the matrix I' = [7;;] 1<i<n as the cofactor matrix of A.
1<j<n

Definition 1.11.4. Given any n x n matrix A, let ' denote the n x n cofactor matrix of A. We

refer to the n x n matrix adj(A) = I'T as the adjugate (or adjugate matrix) of A.

One thing to notice is that the adjugate matrix can be defined for any square matrix over any
ring because it only involves the operations of multiplication and subtraction; we will see that this
provides a drastic improvement to the method of we used previously to detect
if a matrix is invertible. Explicitly, the process of Gaussian Elimination is only defined for matrices
over fields because division is sometimes necessary to find the reduced row echelon form of a matrix.

Example 1.11.5. Let us compute the adjugate of the following real 3 x 3 matrix.

110
A=11 0 1
011

By Example , we have that det(A) = —2. We will verify that adj(A)A = —21 = det(A)I. By
Definition , we note that adj(A) is given by the transpose of the cofactor matrix I" of A. By
Definition , the (7, j)th component of the cofactor matrix I is the (7, j)th cofactor ~;; of A. By
Definition , the cofactors of A are the signed 2 x 2 minors p;; of A. Ultimately, we must begin

by finding the 2 x 2 minors p;; of A. Considering that A is a 3 x 3 matrix, there are 9 = 3 -3 minors.
By Definition , each minor p,; is given by the determinant of the 2 x 2 matrix A;; obtained
from A by deleting its ith row and jth column. Consequently, we find the following minors.

01 10 10
M1 11 H21 11 31 01
1 1 10 1 0
Fz=1y 4 I Haz =11 4
1 0 1 1 1 1
H13 0 1 H23 0 1 33 1 0
Continuing from this point, we find the 9 = 3 - 3 cofactors v;; = (—1)" ;.
Y1 = (1) = —1 Yor = (—1)* gy = —1 Y31 = (—=1)*Tug =1
Y2 = (—1)"* P = -1 Yoz = (1) pgp = 1 Yag = (=1)*" gy = —1

Y3 = (1) =1 Yoz = (—=1)* gy = —1 Y3z = (—1)* 3 gy = —1
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We are now in position to form the 3 x 3 cofactor matrix I' as follows.

-1 -1 1
I'=|-1 1 -1
1 -1 -1

Observe that in this case, I is a symmetric matrix because each row of I is equal to the corresponding
column of I'. Consequently, we have that adj(A) = 'l = I". Even more, the following holds.

~1 -1 17[1 10 -2 0 0
adj(A)A=|—-1 1 —1| |1 0 1| =] 0 =2 0| =—2I =det(A)I
1 -1 —1] [0 11 0 0 —2

Observe that if we divide both sides by det(A) = —2, then we find the following.

1 1 1

1 n o 2 7 73
Al = adj(A)=—1]-1 1 —-1|=| L& -1 1
det(A) 2 1 -1 -1 i1 3

2 2 2

Example 1.11.6. Let us compute the adjugate of the following real 3 x 3 matrix.

12 3

A= 14 5 6

78 9
By Definition , we have that adj(A) is equal to the transpose of the cofactor matrix I of A. By
Definition , we construct the cofactor matrix I' by finding each of the cofactors v;; of A. By
Definition , the cofactors of A are the signed 2 x 2 minors p;; of A. Ultimately, we must begin

by finding the 2 x 2 minors y;; of A. Considering that A is a 3 x 3 matrix, there are 9 = 3-3 minors.
By Definition , each minor p,; is given by the determinant of the 2 x 2 matrix A;; obtained
from A by deleting its ith row and jth column. Consequently, we find the following minors.

5 6 2 3 2 3
H11 ‘8 9‘ H21 ‘8 9‘ 31 ‘5 6‘
4 6 1 3 1 3
Hiz =7 g H22 =7 g Haz =14 6
4 5 1 2 1 2
His =7 g Hes =7 g Has =14 5
Continuing from this point, we find the 9 = 3 - 3 cofactors v;; = (—1)" ;.
1= (=1 = =3 Yor = (1) gy = 6 Y1 = (—1)* g = =3
2= (—1)"p12 =6 Yoz = (=1)*"2pugp = —12 Y2 = (—1)** ps2 = 6

Y13 = (1) 3 = -3 Yoz = (—1)*" g3 = 6 Y33 = (—1)**Pugy = —3
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We are now in position to form the 3 x 3 cofactor matrix I' as follows.

-3 6 -3
'=| 6 —-12 6
-3 6 -3

Observe that in this case, I is a symmetric matrix because each row of I' is equal to the corresponding
column of T'. Consequently, we have that adj(A) = I'Y = T'. Even more, the following holds.

-3 6 311 2 3 00 0
adj(A)A=| 6 —12 6| |4 5 6| =]0 0 0| = Osx3 = 0I353 = det(A) I353
3 6 -3] |78 9 000

We will demonstrate next that the observations and patterns that have held across our examples
are indicative of a general relationship between a square matrix and its adjugate.

Proposition 1.11.7. Given any n X n matriz A, we have that adj(A)A = det(A)I.

Proof. By Definition , we have that adj(A) = T'T, where T is the cofactor matrix of A. By
Definition , the (4, j)th component of I is the (¢, j)th cofactor v;; of A. By Definition , it
follows that v;; = (—1)"™/ det(A;;), where A4;; is the (n—1) x (n—1) submatrix of A obtained from A
by deleting the ith row and jth column of A. Consequently, the (7, j)th component of adj(A) is the
(j,7)th component of T, i.e., the (j,4)th cofactor v;; = (—1)"*7 det(A;;) of A. By Definition ,
we note that the (7, j)th component of adj(A)A is the sum of the products of the (i, k)th component
of adj(A) and the (k, j)th component of A for each integer 1 < k < n, i.e., the (7, j)th component of
adj(A)Ais >0 _ (—1)"*ay; det(Ay;). By Definition , we conclude that the (7,4)th components
of adj(A)A are exactly det(A) because these are obtained from the aforementioned sum by setting
i = j. Consequently, it suffices to prove that >",_, (—1)""ay; det(Ay;) = 0 whenever i # j.
Consider the n x n matrix B obtained from A by replacing the ith column of A with the jth
column of A. Observe that for each integer 1 < k& < n, we have that by; = aj; because the ith
column of B is equal to the jth column of A. Even more, we have that By; = Ay; for all integers
1 <k <n because A and B only differ in the ith column. By Theorem , we have that
0=det(B) =Y (~1)" by det(By) = > (—1)"Fay; det(Ay,).

k=1 k=1

We conclude therefore that the non-diagonal components of adj(A)A are zero, as desired. ]

Proposition 1.11.8. Given any n x n matriz A, we have that adj(A”) = adj(A)?. Put another
way, the adjugate of the transpose is the transpose of the adjugate.

Proof. Crucially, observe that deleting the ith row and jth column of A7 is the same as deleting the
ith column and jth row of A and taking its transpose because the ith row of A7 is the ith column
of A and the jth column of A” is the jth row of A. Consequently, we have that (AT);; = (A;;)". By
the underlying definitions of the adjugate, the (i, j)th component of adj(A”) is (—1)"™ det((AT);),
hence by our opening remarks, the (¢, )th component of adj(A”) is exactly (—1)"" det((4;;)7). By
Proposition , it follows that the (4, j)th component of adj(AT) is (—1)"*7 det(4};). Considering
that this is the (j, 7)th component of adj(A) by definition, we conclude that the (4, j7)th component of
adj(AT) is the (i, j)th component of adj(A4)”, hence the two matrices in consideration are equal. [
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Corollary 1.11.9. Given any n X n matriz A, we have that Aadj(A) = det(A)I.

Proof. By Proposition , we have that adj(AT)AT = det(AT)I. By Proposition , we
have that det(A”) = det(A) so that adj(AT)AT = det(A)I. By Proposition , we have that
adj(A”) = adj(A)" so that adj(A)T AT = det(A)I. Last, by Proposition , we conclude that

det(A)I = det(A)I" = (det(A)I)" = (adj(A)TAT)T = (A7) (adj(A)")" = Aadj(A). O
Theorem 1.11.10. Given any nxn matriz A, we have that A is invertible if and only if det(A) # 0.

Proof. Certainly, if the determinant of A is nonzero, then Propositions and imply that

(e 2 )4 =1 = 4 i)

and A7! = m adj(A). Conversely, if det(A) = 0, then adj(A)A = det(A)l = O, x,. Consequently,

there is no n x n matrix B such that AB =1 = BA, i.e., A is not invertible. O]

Example 1.11.11. By Example , the following 3 x 3 matrix is not invertible.
1 2 3
A=14 5 6
78 9
Example 1.11.12. By Example , the following 3 x 3 matrix is invertible.
110
A=1]1 0 1
011
Example 1.11.13. By Example , the following 3 x 3 matrix is not invertible.

1
A= |2
3

D =N

3
6
9

We could have also noticed that A is row equivalent to a matrix with a zero row.

Example 1.11.14. By Example , the following 3 x 3 matrix is invertible.
1 20
A=1|1 2 1
2 11

Example 1.11.15. By Example , the following 3 x 3 matrix is invertible.
0 01
A=1(0 1 0
1 00

We could have also noticed that it is row equivalent to the 3 x 3 identity matrix.



1.12. CHAPTER OVERVIEW 73

Before we conclude this section, we state a critically important property of determinants.
Theorem 1.11.16. Given any n X n matrices A and B, we have that det(AB) = det(A) det(B).

Proof. Consider the unique reduced row echelon form R = RREF(A) for A. By Theorem ,
there exists a scalar « that is uniquely determined by the elementary row operations Fjy, ..., Ej
that are used to convert R to A such that det(A) = adet(R) and Ej --- E1R = A. Either R has a
row consisting of zeros, or it is the n x n identity matrix. By the aforementioned corollary, if R has a
row consisting of zeros, then det(R) = 0 so that det(A) = adet(R) = 0 and det(A) det(B) = 0. By
Theorem , we have that det(AB) is nonzero if and only if AB is invertible if and only if RB
is invertible. By assumption that R has a row consisting of zeros, it follows that RB is not invertible
because it has a column consisting of zeros, and we conclude that det(AB) = 0. Conversely, if R is
the n x n identity matrix, then det(A) = adet(R) = o and A = E,--- EyR = Ej, - - - E, from which
we conclude that det(A) det(B) = adet(B) = det(Ey - - - F1B) = det(Ey - - - EyRB) = det(AB). O

1.12 Chapter Overview

This section is currently under construction.



Chapter 2

Canonical Forms of Matrices

We introduced in the first chapter the notion of vectors in real n-space and their geometry. Even
more importantly, we discussed matrices, their arithmetic, and numerous important properties of
them. Essentially, the theory of matrices vastly simplifies the algebra of large sets of data. We will
soon demonstrate that the collection of all real m x n matrices forms an algebraic structure called
a vector space; vector spaces are ubiquitous throughout mathematics, so it is critical to under-
stand their properties. We will soon define functions (linear transformations) between vector spaces
study certain vector spaces called the kernel and the range associated to a linear transformation.
Ultimately, we will establish that linear transformations and matrices are intimately connected
in a rigorous sense: explicitly, every linear transformation induces a matrix that is uniquely de-
termined by specifying a basis for the domain and codomain spaces of the linear transformation.
Consequently, we are motivated to return to further develop the theory of matrices in this chapter.

2.1 Characteristic and Minimal Polynomials

We introduce in this section two polynomial invariants of an n x n matrix. Both of these polynomials
are related to the determinant of a matrix associated with the given square matrix. Explicitly,
suppose that A is any n x n matrix. We will adopt the shorthand I for the n x n identity matrix.
Given any indeterminate x, we refer to the matrix zI — A as the characteristic matrix of A.
Both A and I are by assumption n X n matrices, hence the characteristic matrix I — A is likewise
an n X n matrix. Even more, we note that diagonal of xI — A consists of x — a;; for each integer
1 < i < n and the off-diagonal components of xI — A are the off-diagonal components of A with
the opposite sign. Explicitly, we have that I — A = [acéij — aij} 1<i<n for the Kronecker delta J;;.

155<n

Example 2.1.1. Consider the following 2 x 2 matrix A and its characteristic matrix zI — A.

1 2 r—1 -2
A‘{z 1} "”_A_{—z x—J

We note that det(z] — A) = (z — 1)(z — 1) — (=2)(=2) =2 — 22 — 3 = (z — 3)(x + 1).

74
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Example 2.1.2. Consider the following 3 x 3 matrix A and its characteristic matrix I — A.

110 r—1 -1 0
A= 1|1 0 1 xl —A=1] -1 r -1
011 0 -1 z=z-1

We note that det(z/—A) = (z—1)[z(x—1)—(=1)(—1)] = (=1)[(—=1)(z—1)—(—1)(0)]. By simplifying
this, we obtain that det(x] — A) = (x — 1)(2?> — 2 — 1) — (z — 1), hence factoring by grouping yields
that det(z] —A)=(z -2 -z —-1-1)=(z-1)(2*-2-2)=(z—1)(z - 2)(x + 1).

Considering that we may always expand the determinant of the n xn characteristic matrix x7— A
along the first row, it follows that x 4(x) = det(xI — A) must be a polynomial in indeterminate x of
degree n because the product of the diagonal elements of 21— A form a polynomial in indeterminate x
of degree n. (Concretely, one can prove this by induction.) Consequently, we refer to the determinant
det(xI — A) of the characteristic matrix of A as the characteristic polynomial of A. One of the
first observations that we can make regarding the characteristic polynomial is the following.

Proposition 2.1.3. Given any n x n matriz A with characteristic polynomial x(x), we have that
det(A) = (—=1)"x(0). Put another way, the constant term of x(x) is (—1)" det(A).

Proof. By definition of the characteristic polynomial, we have that x(0) = det(0I — A) = det(—A).
Consequently, by Proposition , it follows that x(0) = (—1)"det(A), hence the result can be
obtained by multiplying both sides of this identity by (—1)" and using the fact that (—=1)>" = 1. O

Example 2.1.4. Given any 2 x 2 matrix A with characteristic polynomial y(z) = 2% — 2z + 1, we
must have that det(A4) = (—1)%(0* —2(0) + 1) = 1.

3

Example 2.1.5. Given any 3 x 3 matrix A with characteristic polynomial x(z) = 2% — ex? + 7, we

must have that det(A) = (=1)3(0® — e(0)®> + ) = —7.

Given any polynomial p(x) = czz® + - - + c12 + ¢y, we can “plug in” any n x n matrix A to the
polynomial p(z) to obtain a matrix polynomial p(A) = ¢ A* + -+ + ¢ A + cpl. Explicitly, the
matrices A® for each integer 1 < i < k are given by the i-fold product of the matrix A with itself,
and the constant term ¢y of p(x) becomes the scalar matrix ¢/ in the matrix polynomial p(A).

Example 2.1.6. Consider the 2 x 2 matrix A of Example . Observe that the following hold.
(1 2] 10 1 2 30 -2 2
A_?’I__z __3{0 1}_{2 1}_{0 3}_{2 —2]
1 2] 10 2 2
A+I__2 _+{0 1}_[2 2]

(A=3N(A+1) = _z _;] B g] _ [8 8]

—_

—_

Consequently, the matrix polynomial y(A) = (A — 31)(A + I) yields the 2 X 2 zero matrix.
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Example 2.1.7. Consider the 3 x 3 matrix A of Example . Observe that the following hold.
[1 1 0] 1 00 0 10
A-I=1|{1 0 1| -0 1 0| =1|1 -1 1
0 1 1] 001 0 10
[1 1 0] 1 00 11 200 -1 1
A=2I=11 0 —-210 1 0| =110 —10 2 0= 1 =2 1
10 1 1, 00 1 0 1 0 0 2 0 1 -1
[1 1 0] 1 00 (2 1 0
A+I=11 0 1|+ |0 1 0| =11 11
0 1 1. 0 01 0 1 2
[ 1 0] -1 1 12 1 0
(A-DHA-2D)A+1)= |1 -1 1 1 -2 1|1 11
i 10 0O 1 —1] [0 1 2
1 -2 11[2 1 0 000
=|-2 4 =2(|1 1 1|=10 00
| 1 -2 1] [0 1 2 0 00

Consequently, the matrix polynomial x(A) = (A — I)(A — 2I)(A + I) yields the 3 x 3 zero matrix.

Our next theorem demonstrates that these examples are indicative of a general phenomenon.

Theorem 2.1.8 (Cayley-Hamilton Theorem). Given any n x n matriz A with characteristic poly-
nomial x(x), it holds that x(A) = O, i.e., the characteristic polynomial of A annihilates A.

Proof. Considering that we have the adjugate matrix at our disposal from our discussion in the
previous section , we will incorporate it into this proof; however, there are a wealth of excel-
lent proofs of this fact that the interested reader is encouraged to discover. Considering that the
characteristic matrix 1 — A of A is an n X n matrix whose coefficients lie in a polynomial ring, it
admits an adjugate matrix adj(xl — A) such that adj(z] — A)(xl — A) = det(axl — A)I = x(z)I by
Proposition and the definition of the characteristic polynomial x(z). On the other hand, the
components of the n x n matrices 21 — A, adj(zl — A), and x(z)[ are polynomials in indeterminate
x, hence these matrices can be written uniquely as formal polynomials with matrix coefficients: we
must simply determine the part of the matrices corresponding to each monomial z* for each integer
0 <1 < n. Explicitly, the characteristic matrix zI — A is already written as a formal polynomial with
matrix coefficients: indeed, the degree-one “coefficient” is the identity matrix I, and the “constant
term” is the matrix A. Even more, if we write x(z) = 2™+ ¢, 12" ' ++ -+ 12 + ¢o for some scalars
Cn_1,---,C1,Co, then the unique expression of x(x)I as a formal polynomial with matrix coefficients
is x(x)I = 2" +c, 12" T+ -+ -+ cywl + col. Consider the unique n x n matrices B,,_1,. .., Bi, By
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such that adj(zl — A) = 2" 'B,_1 + -+ + By + By. Expanding the left- and right-hand sides of
the identity adj(xl — A)(zl — A) = x(z)I according to our formal polynomial factorizations, we
find that (z"'B, | + -+ 2By + By) (2l — A) = 2"I + ¢, 12" ' + -+ - + izl + ¢pl. Expanding
the product on the left-hand side and comparing the terms with z*, we obtain the following.

B, 1=1 (the coefficient of x™)

B, s — B,_1A=c,_11 (the coefficient of z"~1)
By — B1A =1 (the coefficient of x)
—ByA = ¢l (the constant term)

Crucially, we may now multiply each subsequent identity from bottom to top by A° for the integer
0 < i < n corresponding to the monomial x* to find the following identities.

B, A" = A" (the coefficient of x™)

B, 2 A"t — B, A" = ¢, 1 A"} (the coefficient of 2" 1)
BoA — B1A? = ¢ A (the coefficient of x)

—BoA = ¢ol (the constant term)

Last, adding the left-hand column yields a telescoping sum that results in the zero matrix; however,
the right-hand sums to the n x n matrix A" + ¢, A" 1+ + 1A+ ol = x(A). O

One immediate consequence of the is that for every n x n matrix A,
there exists a unique monic polynomial p4(x) of least degree such that pa(A) = O. We refer to
this polynomial as the minimal polynomial of A. Explicitly, a monic polynomial is one whose
leading coefficient is one. By the Cayley-Hamilton Theorem, the characteristic polynomial y 4(z) of
A is a monic polynomial satisfying that y4(A) = O, hence there exists a monic polynomial with the
desired property. Consequently, we can find a monic polynomial of least degree that annihilates A
by the Well-Ordering Principle applied to the nonempty set of positive integers corresponding
to the degree of monic polynomials that annihilate A. Even more, the uniqueness of the minimal
polynomial comes from the fact that if we take two monic polynomials of least degree that both
annihilate A, then each of the polynomials will divide the other, hence they must be equal.

Even if this line of argument is not immediately clear, what matters is the following.

Proposition 2.1.9. Given any nxn matriz A, its minimal polynomial u(x) divides every polynomial
p(z) such that p(A) = O. Consequently, the minimal polynomial of A must divide the characteristic
polynomial of A, so it is either the characteristic polynomial of A or a proper factor of it.

Proof. By the Division Algorithm for polynomials, there exist unique polynomials ¢(z) and r(x)
such that p(z) = q(z)u(x) + r(x) and the degree of r(x) is strictly smaller than the degree of u(z).
By assumption, we have that p(A) = O. By definition of p(z), we have that u(A) = O. Combined,
these observations imply that O = p(A) = q(A)u(A) +r(A) = ¢(A)O +r(A) = r(A). Consequently,
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we have found a polynomial r(z) of lesser degree than p(z) that annihilates A. Even more, if r(z)
is nonzero, then we may multiply by the multiplicative inverse of its leading coefficient to obtain a
monic polynomial of lesser degree than p(z) that annihilates A. Because this is impossible by the
definition of u(x), we conclude that r(x) must be the zero polynomial so that p(z) divides p(z).
By the , the characteristic polynomial of A annihilates A, so it must
be divisible by the minimal polynomial of A by the argument of the preceding paragraph. O]

Example 2.1.10. Consider the 2 x 2 matrix A of Examples and . We proved previously
that the characteristic polynomial of A is x(z) = (z — 3)(x + 1); neither x — 3 nor = + 1 annihilates
A by the previous example, hence we conclude by Proposition that pu(z) = x(x).

Example 2.1.11. Consider the 3 x 3 matrix A of Examples and . We proved previously
that the characteristic polynomial of A is x(z) = (z — 1)(x — 2)(x + 1). Observe that none of z — 1,
x—2, or z+1 annihilate A by the previous example. Even more, (x—1)(z—2) and (x—1)(z+1) and
(x—2)(x+1) do not annihilate A. Consequently, we conclude by Proposition that u(x) = x(z).

Example 2.1.12. Consider the 3 x 3 zero matrix O. Observe that the characteristic polynomial
of O is given by x(x) = det(zI — O) = det(zI) = 2 det(I) = 23; however, the minimal polynomial
of O is simply pu(x) = z. Generally, this is similarly the case for all n x n zero matrices.

Even though the minimal polynomial of a matrix is not necessarily the characteristic polynomial
of the matrix, we know by Proposition that the minimal polynomial is always a factor of the
characteristic polynomial. Consequently, the roots of the minimal polynomial are always among
the roots of the characteristic polynomial. Explicitly, for any scalar ¢ such that p(c) = 0, we must
have that x(c¢) = 0. We refer to such a scalar ¢ such that ya(c) = 0 as an eigenvalue of A. We
note that the eigenvalues of A are precisely those scalars such that det(c/ — A) = 0. Under this
identification, we can drastically narrow down the possibilities for the minimal polynomial p4(z).

Proposition 2.1.13. Given any nxn matrix A, the characteristic polynomial of A and the minimal
polynomial of A have the same roots. Particularly, the minimal polynomial of A is divisible by every
irreducible polynomial factor of the characteristic polynomial of A.

Proof. We will prove that pa(c) = 0 if and only if ¢ is a characteristic value of A. By the Factor
Theorem, if we assume that pa(c) = 0, then pa(x) = (x—c)q(z) for some polynomial g(x) of strictly
lesser degree than pi4(x). By definition of p14(x), we must have that ¢(A) is nonzero. Consequently,
we have that O = pa(A) = (A — ¢l)g(A), hence ¢ — A cannot be invertible because its product
with the nonzero matrix —g(A) is the zero matrix. We conclude by Proposition that c is a
characteristic value of A. Conversely, if ¢ is a characteristic value of A, then ¢l — A is not invertible,
hence there exists a nonzero n x n matrix B such that (¢l — A)B = O or ¢B = AB. Crucially,
for any integer 1 < k < n, we have that A*B = A*1(AB) = A*1(¢cB) = ¢(A*'B) = .- = ¢*B
by Propositions and . Consequently, it follows that O = OB = pa(A)B = ua(c)B.
Considering that pa(c) is a scalar and B is a nonzero matrix, this is only possible if pa(c) =0. O

We summarize the content of Propositions and in the following algorithm.

Algorithm 2.1.14 (Computing the Characteristic and Minimal Polynomials). Consider any n x n
matrix A. Carry out the following steps to find the characteristic and minimal polynomials of A.
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1.) Compute the characteristic matrix x/ — A.
2.) Compute the characteristic polynomial x(x) = det(xl — A).

3.) Completely factor the characteristic polynomial, taking care to account for whether entries of
the matrix A are real or complex; this affects the factorization of y4(z).

4.) List all possibilities for the minimal polynomial of A, taking care to account for the fact that
pa(x) must be a factor of y4(x) with all of the same roots as ya(x).

Example 2.1.15. Consider the following 3 x 3 matrix A and its characteristic matrix I — A.

-1 0 0 r+1 0 0
A= 01 0 zl — A= 0 z—1 0
—1 0 0 T+ 1

One can readily verify that x(z) = (z+1)?(x—1) is the characteristic polynomial of A. Consequently,
by Proposition , we must have that u(z) = x(z) or u(z) = (x+1)(z—1) = 22— 1. Considering
that A? = I, it follows that A> — I = O so that p(z) = 2* — 1.

Example 2.1.16. Consider the following 3 x 3 matrix A and its characteristic matrix 1 — A.

111 r—1 -1 -1
A=12 2 2 xl—A=| -2 -2 =2
3 3 3 -3 -3 x-3
By definition, the characteristic polynomial of A is found by computing the following.

x(x) =det(xl — A) = (z — 1)[(z — 2)(x — 3) — 6] + [-2(x — 3) — 6] + [6 + 3(x — 2)]
=(r—1)(2* =52 +6—6) — (20 — 6+ 6) + (6 — 3x — 6)
= (v —1)(2* — 5x) — 5z

= 23 — 622

Considering that x(z) = 2% — 62% = z*(x — 6), it follows that p(z) = x(z) or u(z) = z(z — 6). We
conclude that u(z) = z(x — 6) because A(A — 61) = O, as the following calculation shows.

11 17[-5 1 1 00 0
A(A—6D) =2 2 2| | 2 =4 2[=00 0
333 [3 3 -3 00 0

Explicitly, one need only check that the first row is zero because the second and third rows of
A(A —61) are merely a scalar multiple of the first row of A(A — 67) by definition of A.
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2.2 Eigenvalues and Eigenvectors

Consider any n x n matrix A. Previously, we have established that the determinant of the charac-
teristic matrix #I — A corresponding to A is a monic polynomial y4(x) = det(xl — A) of degree n
called the characteristic polynomial of A; we refer to the roots of x4(z) as the eigenvalues of A.

Example 2.2.1. Consider the 2 x 2 matrix A of Example

b

We showed that x(z) = det(x] — A) = (x — 3)(x + 1), hence the eigenvalues of A are —1 and 3.

Example 2.2.2. Consider the following real diagonal 3 x 3 matrix.

A:

o O 2

00
b 0
0 c

Observe that the characteristic matrix x1 — A corresponding to A is a diagonal matrix with diagonal
components x —a, x —b, and x —c. One can readily verify that the determinant of a diagonal matrix
is the product of its diagonal entries, hence we have that x(z) = det(z/ — A) = (x —a)(x —b)(x —c¢).
Consequently, the eigenvalues of A are simply the diagonal entries a, b, and c.

Example 2.2.3. Consider the 3 x 3 matrix A of Example
1 10
A=11 0 1
011

Considering that x(z) = det(z] — A) = (x —1)(z — 2)(z + 1), the eigenvalues of A are —1, 1, and 2.
Example 2.2.4. Consider the 3 x 3 matrix A of Example

1 11
A=12 2 2
3 3 3

We demonstrated previously that x(z) = det(zI — A) = z*(z — 6), hence the eigenvalues of A are
0 (with multiplicity two) and 6. We will soon return to this notion of multiplicity of eigenvalues.

Crucially, the eigenvalues of a square matrix A determine the invertibility of the characteristic
matrix xI — A for each fixed real number . We outline this as follows.

Proposition 2.2.5. Given any n X n matriz A, the following are equivalent.
1.) We have that xa(c) = 0, i.e., the real number ¢ is an eigenvalue of A.
2.) We have that cI — A is not invertible.

3.) We have that Av = cv for some nonzero vector v in real n-space.
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Proof. By definition of the characteristic polynomial x 4(x) of A, it follows that x4(c) = 0 if and
only if det(c/ — A) = 0. By Proposition , this occurs if and only if ¢/ — A is not invertible,
hence the first two criteria are equivalent. By the , there exists a nonzero vector v
in real n-space such that Av = ¢v if and only if cv — Av = 0 if and only if (¢ — A)v = 0 if and
only if nullity(cI — A) > 0 if and only if rank(cI — A) < n. Consequently, Proposition yields
the equivalence of criteria (2.) and (3.): rank(c/ — A) < n if and only if ¢/ — A is not invertible. [

Bearing in mind the content of Proposition , we say that a nonzero vector v in real n-space
is an eigenvector of an n X n matrix A corresponding to the eigenvalue c if and only if Av = cv.

Example 2.2.6. Consider the 2 x 2 matrix A of Example

. 1 2

2 1
We showed that the eigenvalues of A are —1 and 3. We claim that v; = [—1, 1] is an eigenvector of
A corresponding to the eigenvalue ¢; = —1 and vy = [1, 1] is an eigenvector of A corresponding to

the eigenvalue co = 3. We bear this out by showing that Av; = ¢;v; for each vector and eigenvalue.
Example 2.2.7. Consider the real diagonal 3 x 3 matrix of Example
a 0 0

A=10 b 0
0 0 ¢

We showed that the eigenvalues of A are simply the diagonal entries ¢; = a, co = b, and ¢3 = ¢. We
claim that v; = e; is an eigenvector of A corresponding to the eigenvalue c;.

a 0 0] [1 a 1

Ae; =10 b 0| [0 = |0 =al|0| = ae;
[0 0 c]| |0] 10 0
[ 0 0] [O] 07 [0]

Aeg =10 b O 1{ =16 =bl1]| = beg
1 0 | [O] 10 0]
[a 0 0] [0] 07 0]

Aes= |0 b 0] |0 = |0] =c|0] = ces
10 0 c] |1] L C] | 1]

Example 2.2.8. Consider the 3 x 3 matrix A of Example
1 10
A=11 0 1
011

We showed that the eigenvalues of A are —1, 1, and 2. We claim that v; = [1, —2, 1] is an eigenvector
of A corresponding to the eigenvalue ¢; = —1; vo = [—1,0, 1] is an eigenvector of A corresponding
to the eigenvalue ¢y = 1; and v3 = [1,1, 1] is an eigenvector of A corresponding to ¢z = 2.
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Example 2.2.9. Consider the 3 x 3 matrix A of Example
111
A=12 2 2
3 3 3

We showed that the eigenvalues of A are 0 and 6. We claim that v = [—1,1,0] and vy = [—1,0, 1]
are both eigenvectors of A corresponding to the eigenvalue ¢; = 0 and vz = [1, 2, 3] is an eigenvector
of A corresponding to the eigenvalue co = 6. Be sure to notice that ¢; = 0 has two eigenvectors!

Crucially, eigenvectors corresponding to eigenvalues are unique in the following sense.

Proposition 2.2.10 (Uniqueness of Eigenvalues Corresponding to Eigenvectors). If v is an eigen-
vector of an n X n matriz A corresponding to an eigenvalue «, then « is uniquely determined by its
eigenvector v in the sense that if Av = v for any scalar 3, then we must have that 8 = «.

Proof. On the contrary, we will assume that o and (8 are distinct scalars. Consequently, we have that
a — 3 is a nonzero scalar. By assumption that Av = fv and by hypothesis that v is an eigenvector
of A corresponding to the eigenvalue «, we have that av = Av = v so that av — fv = 0 and
(v—B)v = 0. Considering that a.— 3 is a nonzero scalar, we can multiply both sides of this equation
by (o — 3)~! to obtain that v = 0. But this is impossible: by hypothesis that v is an eigenvector
corresponding to o, we must have that v is a nonzero vector by definition of an eigenvector. O

Consequently, if a nonzero vector v of real n-space corresponds to an eigenvalue «, then « is
uniquely determined by v, and there cannot exist another scalar 3 such that Av = fv. Once we
have found the eigenvalues of a matrix by computing the roots of its characteristic polynomial, the
hunt is on to determine the eigenvectors of A corresponding to these eigenvalues. We remind the
reader that if ¢ is an eigenvalue of an n x n matrix A, then by Proposition , the eigenvectors
of A corresponding to the eigenvalue ¢ of A are simply the vectors v in real n-space satisfying
that Av = cv. Consequently, in practice, the way to find the eigenvectors of an n x n matrix A
corresponding to an eigenvalue ¢ of A is to solve the matrix equation (¢ — A)v = 0.

Algorithm 2.2.11 (Constructing the Eigenvalues and Eigenvectors of a Matrix). Consider any
n x n matrix A. Carry out the following steps to find the eigenvalues and eigenvectors of A.

1.) Construct the characteristic matrix /1 — A.
2.) Construct the characteristic polynomial y4(z) = det(z] — A).

3.) Compute the roots ¢y, . .., ¢, of the characteristic polynomial x 4(z). By definition, these roots
are the eigenvalues of the matrix A. Be sure to note whether A is a real or complex matrix;
this will determine the possible eigenvalues of A as well as the minimal polynomial of A.

4.) Compute the null space of ¢;I — A for each distinct eigenvalue ¢; of A. By definition, the basis
vectors of null(¢;I — A) are the distinct eigenvectors of A corresponding to the eigenvalue ¢;.

Considering that null(cI — A) is a subspace of real n-space by Example , we refer to the
dimension of null(c/ — A) as the geometric multiplicity of the eigenvalue ¢ of A. Going forward,
we will distinguish the subspace null(c/ — A) as the eigenspace of the eigenvalue c.
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Example 2.2.12. Consider the 2 x 2 matrix A of Example with eigenvalues —1 and 3.
1 2
A—
2
By definition, the eigenvectors of A corresponding to the eigenvalue ¢; = —1 are the solutions of

the homogeneous equation (—1 — A)v = 0, so we may reduce —I — A to row echelon form.

—2 —2] Ry—Ri~Ro {—2 —2}

-2 =2 0 0

By viewing the first row of the above matrix as a linear equation —2x; — 2x5 = 0, it follows that
To = —x1 and z7 is a free variable. We conclude that the eigenspace of ¢; = —1 satisfies that

mﬂK—]—aA):span{[_i}}.

Likewise, the eigenspace of the eigenvalue co = 3 can be determined as follows.

2 —2} Ro+Ri—Ro {2 —2]

[—A=
’ {—22 0 0

By viewing the first row of the above matrix as a linear equation 2z; — 2x5 = 0, it follows that
xo = x7 and x7 is a free variable. We conclude that the eigenspace of co = 3 satisfies that

ImM—]—A%:wm{{ﬂ}.

Consequently, vi = [ _}] is an eigenvector for ¢; = —1 and v, = [}] is an eigenvector for ¢ = 3.

Example 2.2.13. Consider the 3 x 3 matrix A of Example with eigenvalues —1, 1, and 2.
110
A=1]1 0 1
0 11

We reduce the matrices —1 — A, [ — A, and 21 — A to row echelon form to determine the eigenspaces.

g )
-1 — A = -1 —1 -1 2 2N1 2 _% 1 R3 2/_]32'—)]‘33 0 _% 1
L0 -1 —2] 0 —1 -2 0 0 o0
[ 0 -1 0- Ro+R1—R2 [ 0 —1 0
T—A=|-1 1 —1| ™81 o 1
. 0 —1 0] ) 0 0
(1 -1 0] 1 —-1 0 1 -1 0
a—A=|-1 2 —1| BRIy 1 | Bt 1 -1
L0 -1 1] 0 -1 1 0 0
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Each of the above matrices corresponds to a homogeneous system of linear equations that is con-
structed by reading the rows of the matrices. Explicitly, the rows of the matrix corresponding to
—1 — A satisfy that —2x7 — 2o = 0 and —%xz — x3 = 0. Consequently, we find that x; = —%xQ and

T3 = —%xz and x5 is a free variable. By judiciously setting xo = 2, we obtain the eigenspace

-1 -1
null(—7/ — A) = span 2 so that vi = 2| is an eigenvector corresponding to ¢; = —1.

-1 -1

Likewise, the matrix corresponding to I — A induces the equations —zs = 0 and —z; —x3 = 0, from

which it follows that x5 = 0, x1 = —x3, and x3 is a free variable. We obtain the eigenspace
-1 -1

null(/ — A) = span 0 so that vo = | 0| is an eigenvector corresponding to co = 1.
1 1

Last, the matrix corresponding to 21 — A yields the equations x; — x5 = 0 and 25 — 3 = 0, hence
T1 = To, T3 = To, and xs is a free variable. By choosing that x5 = 1, we obtain the eigenspace

1
null(2/ — A) = spanq |1 so that vg = | 1| is an eigenvector corresponding to c3 = 2.

1

Example 2.2.14. Consider the 3 x 3 matrix A of Example with eigenvalues 0 and 6.
111

A=12 2 2

3 3 3

Even though the matrix at hand admits only two distinct eigenvalues (one with multiplicity two),

there are in fact three distinct eigenvectors: indeed, the eigenvalue ¢; = 0 induces an eigenspace
null(0I — A) of dimension two as follows, hence the geometric multiplicity of ¢; = 0 is two.

- 4 Ro—2R1—Rso

—1 —1 —17 RrRs-3R;—»Rrs [1 1 1
0/ —A=|-2 —2 —2f ™" |9 0 0
-3 -3 -3 0 0O
T 5 —1 =11 rewmeors [ 5 —1 —1 ) 5 -1 -1
B Rs+Rors R Ryt Ri— Ry 18 12
6] —A=|-2 4 -2 2 —2 4 -2 ~ 0 B _1
-3 =3 3] 0O 0 O 0 0 0
Consequently, for the above matrix corresponding to 0/ — A, we have that z; + x5 + 3 = 0 so that
x1 = —x3 — x3 and x5 and z3 are free variables; thus, every vector of null(0/ — A) is of the form
s} —T2 — X3 —1 —1 —1 —1
To| = T =x5| 1| 4+ 23| 0| so that null(0/ — A) = span 1f,

XT3 XT3 0 1 0 1
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On the other hand, the matrix corresponding to 6/ — A yields the equations 5z7 — x5 — x3 = 0 and

18z9 — 1225 = 0 so that zy = %ZEg, Ty = %932 + %5E3 = %

choosing x3 = 3, we obtain the eigenspace of A corresponding to ¢y = 6

x3, and x3 is a free variable. By judiciously

1
null(6/ — A) = spanq |2
3

Crucially, we note that in this example, the algebraic multiplicity of the eigenvalue ¢; = 0 in the
characteristic polynomial of A is two, and the geometric multiplicity of the eigenspace null(0/ — A)
corresponding to the eigenvalue 0 is also two. We will soon investigate this phenomenon further.

2.3 Diagonalization

Our ultimate objective throughout this chapter is to study the canonical forms of an n x n matrix
A for some positive integer n. Put simply, a canonical form of a matrix is any representation of the
matrix by a similar matrix that is (in a strict sense) in “simplest form.” By definition, we say that
a pair of n x n matrices A and B are similar provided that there exists an invertible matrix P such
that B = PAP™!. One of the most immediate and delightful canonical forms occurs when there

exists a basis of eigenvectors for the matrix A. Explicitly, if the vectors vy,...,v, form a basis for
real m-space, the best-case scenario is that vq,...,v, are in fact eigenvectors of A corresponding
to distinct eigenvalues ¢y, ..., c,, respectively: indeed, in this case, we have that Av; = ¢;v; for
each integer 1 < ¢ < n by Proposition . Consider the real matrix P whose ith column is the
eigenvector v;. By Proposition , we have that P is invertible so that
PtAP =Pt [AVl Avy - Avn}
=p! [clvl CoVy - cnvn}
= [clP_lvl coP vy - cnP_lvn}
C1 0 0
0 Cy 0
0 O Ch,

Consequently, A is similar to a diagonal matrix whose diagonal entries are the eigenvalues of A! We
refer to the diagonal matrix P~*AP = diag{ci, ca, ..., c,} as the diagonalization of A.

Definition 2.3.1. We say that a real n x n matrix A is diagonalizable if there exists an ordered
basis vq,..., v, of real n-space such that Av; = ¢;v; for some scalars ¢y, ..., c,. Put another way, a
real n x n matrix is diagonalizable if and only if there exists a basis of eigenvectors for A if and only
if A can be represented by a diagonal matrix with respect to some ordered basis of real n-space.
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Our first order of business is to provide a necessary and sufficient condition for the diagonalizabil-
ity of a real n x n matrix. Like we mentioned in the exposition preceding the above definition, one
starting point is that eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proposition 2.3.2 (Eigenvectors Belonging to Distinct Eigenvalues Are Linearly Independent).
Consider any n X n matriz A. If vy,..., vy are any eigenvectors of A corresponding respectively to
the distinct eigenvalues ¢y, ..., c, of A, then vq,..., vy are linearly independent.

Proof. We proceed by induction on the number k of eigenvectors present. By definition, if ¢ is
an eigenvalue of A corresponding to the eigenvector v; of A, then v; is a nonzero vector, hence
v is linearly independent. Consider any eigenvectors vy, ..., v, of A corresponding respectively to
the pairwise distinct eigenvalues cq, ..., ¢, of A. We must show that if a;vy + - -+ + ax vy = 0, then
a; = -+ = a, = 0. Observe that if we apply A to the above relation of linear dependence, then

0=A0=A(a;vi+ -+ arvy) = a1 Avy + - - + @ Avy = a1c1V1 + -+ - + apcp Vi, (2.3.1)

by assumption that v; is an eigenvector of A corresponding to the eigenvalue ¢; of A. On the other
hand, if we multiply our original relation of linear dependence by ¢, then we find that

0= clO = Cl(CL1V1 + e+ aka) = a1c1vy + -+ apcyvy. (232)
By subtracting Equation ( ) from Equation ( ), we obtain a third equation
0 =as(c1 — c)vo + -+ + ag(cr — ) Vi

By induction, these k — 1 vectors are linearly independent, hence we conclude that a;(¢; —¢;) =0
for each integer 2 < ¢ < k. Considering that ¢; and ¢; are distinct eigenvalues for each integer
2 <i < k, we must have that ¢; — ¢; is nonzero. Cancelling the factor of ¢; — ¢; from each identity
a;(cy — ¢;) = 0 yields that ay = --- = a; = 0, so our original relation of linear independence now
states that a; v, = 0. But this implies that a; = 0 because v; is nonzero by hypothesis. O

Corollary 2.3.3 (Every Real Matrix with Distinct Eigenvalues Is Diagonalizable). Consider any
real n X n matriz A. Fach of the following conditions guarantees that A is diagonalizable.

1.) The matriz A admits n distinct eigenvalues.
2.) The matriz A admits n linearly independent eigenvectors.

3.) The characteristic polynomial x 4(x) splits into distinct linear factors.

Proof. By the fourth part of the , every collec-
tion of n linearly independent vectors of real n-space form a basis for real n-space. By Proposition

, eigenvectors corresponding to distinct eigenvalues are linearly independent, hence any col-
lection of n eigenvectors corresponding to n distinct eigenvalues form a basis for real n-space By
Definition , we conclude that A is diagonalizable. Even more, its matrix representation with
respect to any ordered basis of eigenvectors of A corresponding to distinct eigenvalues of A is a
diagonal matrix. Consequently, if A admits n distinct eigenvalues, then A must be diagonalizable
because in this case, each of the n distinct eigenvalues of A corresponds to an eigenvector of A, i.e.,
there are n linearly independent eigenvectors of A. Last, the eigenvalues of A are the roots of the
characteristic polynomial x 4(x), and the roots of x4(x) are determined by its linear factors. O
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Example 2.3.4. Consider the following 2 x 2 matrix A of Example

b

We proved in that example that the eigenvalues of A are —1 and 3, hence by Corollary , We
conclude that A is diagonalizable because it admits n = 2 distinct eigenvalues.

Example 2.3.5. Consider the following 3 x 3 matrix of Example

A:

o O 2

00
b 0
0 c

We demonstrated previously that the eigenvalues of A are a, b, and ¢ corresponding to the respective
eigenvectors ey, ey, and e3. Consequently, A is diagonalizable. Of course, we did not need Corollary
to deduce this fact; we could have simply looked at the diagonal matrix A.

Example 2.3.6. Consider the following 3 x 3 matrix A of Example
110
A=11 0 1
011

We demonstrated in the aforementioned example that A admits n = 3 distinct eigenvalues —1, 1,
and 2, hence by Corollary , it follows that A is diagonalizable.

Example 2.3.7. Consider the following 3 x 3 matrix A of Example
1 11
A=12 2 2
3 3 3

Even though A admits only two distinct eigenvalues 0 and 6, it turns out that A is diagonalizable!
By Example , the eigenspace of A corresponding to the eigenvalue 0 has dimension two since
nullity (0] — A) = 2. Consequently, we must have that nullity(6/ — A) = 1 because the vectors in
null(0/ — A) and null(6/ — A) are linearly independent and the dimension of real 3-space is three.
We conclude that the two eigenvectors that span null(0/ — A) and the one eigenvector that spans
null(67 — A) comprise a basis for real 3-space, hence A is diagonalizable by Definition

Example illustrates that the conditions of Corollary are sufficient but not necessary
for the diagonalizability of A. Consequently, we seek more restrictive properties of A under which
A is diagonalizable and for which A is not diagonalizable if the properties are not satisfied. Later
in the course, we will discuss the mechanisms behind the following, but we omit the proof here.

Theorem 2.3.8 (Equivalent Conditions for Diagonalizability). Given any real n X n matriz A with
distinct eigenvalues cq, . .., c,, we have that A is diagonalizable if and only if

1) xa(x)=(z — 1)) -+ (x — )% and nullity(¢;I — A) = e; for each integer 1 < i <k or

2.) nullity(e1 1 — A) + - - - + nullity (cx I — A) = #(rows of A).
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Compiling the content of Corollary and Theorem yields the following.

Theorem 2.3.9 (Criteria for Diagonalizability). Consider any real n x n matrizx A with distinct
eigenvalues cq, . .., c,. Given that any of the following criteria hold, the matriz A is diagonalizable.

1.) We have that k = n, i.e., the matriz A admits n distinct eigenvalues.
2.) We may factor the characteristic polynomial x a(x) into distinct linear factors.

3.) We may factor the characteristic polynomial x a(x) = (x — ¢1)® - -+ (x — &) into powers of
distinct linear factors in such a manner that the algebraic multiplicity e; of the eigenvalue c;
coincides with its geometric multiplicity nullity(¢;I — A) for each integer 1 <i < k.

4.) We have that nullity (¢, — A) 4 - - - + nullity (¢, I — A) = #(rows of A) = #(columns of A).

We have only encountered diagonalizable matrices so far in this section; however, it is unfortu-
nately not true that every matrix is diagonalizable, as exhibited in the following example.

Example 2.3.10. Consider the following real 3 x 3 matrix.
010
A=10 0 0
000
Even though this matrix looks quite harmless and inconspicuous, it turns out that it is not diago-

nalizable. Explicitly, the eigenvectors of A do not form a basis for real 3-space, as we demonstrate
next. Observe that the characteristic matrix x/ — A is the following upper-triangular matrix.

r —1 0
zl — A= 1|0 z 0
0 0 =z

Consequently, the characteristic polynomial of A is y(z) = 2? so that ¢ = 0 is the only eigenvalue of
A with algebraic multiplicity three. By the , A is diagonalizable if and
only if the geometric multiplicity of ¢ = 0 is three if and only if nullity(0/ — A) = 3. But reading
off the rows of the matrix 0 — A yields the linear equation —zs = 0, hence we find that z, = 0 and
x1 and x3 are free variables. We conclude that a typical eigenvector of A is of the form

T Ty 1 0 1 0
v=|z2| =[0| =x1|0| +23|0]| so that null(0/ — A) =span¢ [0], [0
T3 x3 0 1 0] |1

Considering that nullity(0/ — A) = 2 < 3, we conclude that A is not diagonalizable.

We will therefore benefit from the development of tools to study matrices that are not diago-
nalizable. One natural question is whether a matrix that is not diagonalizable admits some other
canonical form. Even though the matrix of Example is not diagonalizable, it happens to be
upper-triangular. Explicitly, an upper-triangular matrix is a square matrix whose entries below
the main diagonal are zero. Conversely, a matrix is lower-triangular if it is the transpose of an
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upper-triangular matrix. Considering that the determinant of a matrix is equal to the determinant
of its transpose and the characteristic polynomial of a matrix is therefore equal to the characteristic
polynomial of its transpose, we may fix our attention on upper-triangular matrices.

One of the foremost features of such matrices is that the determinant of an upper-triangular
matrix is the product of its diagonal entries; this affords a simple way to compute the characteristic
polynomial of an upper-triangular matrix since its characteristic matrix is upper-triangular.

Proposition 2.3.11. The determinant of a triangular matriz is the product of its diagonal entries.

Proof. Considering that a lower-triangular matrix is the transpose of an upper-triangular matrix
and the determinant of a matrix is equal to the determinant of its transpose by Proposition ,
we may prove the claim for upper-triangular matrices. We proceed by induction on the size n of an
n X n upper-triangular matrix A. Every 2 x 2 diagonal matrix is of the following form.

A= {an a12:|

0 a9
Consequently, we have that det(A) = ajjas, as desired. We will assume by induction that the
claim holds for (n — 1) x (n — 1) upper-triangular matrices. Consider the following n x n matrix.

a1x Q2 @iz -+ Aip

0 agp ag --- azp

A = O 0 asz -+ Q3p
(0 0 0 - ap

Expanding the determinant along the first column, we obtain the following identity.

Q22 Ag3 - Q2n

O a33 “ e a3
det(A) = ai "
0 0 - any

Considering that the determinant on the right-hand side is taken from an (n—1) x (n— 1) matrix, it
follows by our inductive hypothesis that det(A) = ay1a92 - - - any is the product of the diagonal. [

Corollary 2.3.12. Given any triangular n x n matrix A whose diagonal entries are ay, . .., a,, the
characteristic polynomial of A is given by xa(x) = (x —ay) -+ (x — a,).

Proof. Considering that x1 is a diagonal matrix, it follows that 1 — A is a triangular matrix because
the difference does not affect any components of A other than those lying on the diagonal of A.
Observe that the diagonal components of x1 — A are simply the linear polynomials x —ayq, ..., xr—a,,
hence by Proposition , we conclude that x4(z) =det(z] — A) = (x —ay) - - (x — ay). O

We will soon return to the explore the ubiquity of upper-triangular matrices. Explicitly, we will
demonstrate that every real n x n matrix admits a matrix representation that is upper-triangular!
Put another way, if A is a real n X n matrix, then there exists an invertible matrix P such that
P~'AP is upper-triangular. Considering the utility of such a matrix representation, we will spend
a considerable amount of time working toward the construction of these matrices. We adopt the
approach in this course of using another canonical form to construct this upper-triangular matrix.
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2.4 Smith Normal Form

We turn our attention next to an indispensable tool in the theory of canonical forms for matrices.
Explicitly, we will construct a canonical form for the characteristic matrix I — A of a real n x n
matrix that will allow us to determine the minimal polynomial and characteristic polynomial of A.

Theorem 2.4.1 (Smith Normal Form). Given any real n x n matriz A and any indeterminate x,

there ezist invertible real n x n matrices P and ) and polynomials pi(x), pe(x), ..., pe(x) such that
(10 -0 0 0 - 0 |
1 -~ 0 0 0O - 0
0 0 1 0 0 0
Pzl — A)Q =
(2l =A@ =1, o () 0 0
00 0 0 pax) 0
00 -0 0 0 - po)]
and the polynomials p;(x) are unique (up to sign) and satisfy that py(x) | po(x) | -+ | pe(z). Even

more, the non-constant polynomials are called invariant factors; the minimal polynomial of A is
the largest invariant factor py(x); and the characteristic polynomial of A is p1(x)pe(z) - - - pe(x).

Computing the Smith Normal Form for the characteristic matrix xI — A of a real n x n matrix
A amounts to carrying out some elementary row operations and elementary column operations on
xl — A to reduce the given matrix to the desired form. Explicitly, we will find that the invertible
n X n matrix P is obtained from the n x n identity matrix by performing the specified elementary
row operations on xl — A; likewise, the invertible n x n matrix () is obtained from the n x n identity
matrix by performing the specified elementary column operations on zI — A. We note that there
are three elementary row (or column) operations that are valid in this scenario.

Definition 2.4.2 (Elementary Row and Column Operations). Each of the following polynomial
arithmetic operations are permissible to perform on the characteristic matrix xI — A of areal n x n
matrix A in order to reduce xI — A to its unique Smith Normal Form.

1.) We may multiply any row (or column) of the matrix by a nonzero real number a.
2.) We may add any polynomial multiple of a row (or column) to another row (or column).
3.) We may interchange any pair of rows (or columns) of the matrix.

We continue using the shorthand R; — aR; to denote the operation of multiplying the ith row
of the matrix by a; we will use the shorthand R; +p(x)R; — R; to denote the operation of adding a
polynomial multiple p(x) of the ith row of the matrix to the jth row of the matrix (for any distinct
indices ¢ and j); and we will use the shorthand R; <+ R, to denote the operation of interchanging
the 2th and jth rows of the matrix. Each of these elementary row operations can also be performed
with the ¢th and jth columns C; and Cj of the matrix for any pair of distinct indices ¢ and j.
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Example 2.4.3. Let us compute the Smith Normal Form for 21 — A of the following 2 x 2 matrix.

A=l ]

We will keep track of the elementary row operations by performing each such operation on the 2 x 2
identity matrix; likewise, we will keep track of the column operations by manipulating the columns
of the 2 x 2 identity matrix according to the column operations on xI — A.

[z —1 0
=A=1 a:—i—l]
(2 —1 (x—1)(z+1)] 1 z+1
[ —1 0 ] 0 1
2.) R < R [— A~ P~
) o By v z—1 (z—1)(z+1)] 1 O]
3) Ro+ (v — )Ry = R zI — A -1 y P L
R oo L0 (z—1)(z+1) 1 z—1]
1 0 0 —1]
1) — I— A~ P~
) ~fe B * 0 (m—l)(x—i—l)} 1 o-1)

Consequently, the Smith Normal Form for 27 — A and the invertible matrices P and () are as follows.

SNF (2] — A) = P(el — A)Q = [(1] x__lJ {x__ll xH Ll) xﬂ - [cl) (a:—1>0<x+1)

Even more, the only invariant factor of A is (z—1)(x+1), hence we have that pa(z) = (r—1)(z+1)
and xa(x) = (z — 1)(z + 1). Last, the elementary divisors of A are z — 1 and x + 1. Later, we
will discuss the notion of the elementary divisors of a square matrix at greater length; however, for
now, we remark that the elementary divisors can be determined as the largest powers of the distinct
linear factors of the invariant factors, hence in this case, they are x — 1 and x + 1.

Example 2.4.4. Let us compute the Smith Normal Form for 21 — A of the following 2 x 2 matrix.
A 0 1
00

We will keep track of the elementary row operations by performing each such operation on the 2 x 2
identity matrix; likewise, we will keep track of the column operations by manipulating the columns
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of the 2 x 2 identity matrix according to the column operations on zI — A.

xl — A= o -l
0z
1) G & Gy 2= A~ _913 ‘g Q”B (1)}
2) Ry+ 2R, — Ry ol — A~ _(1) ;2 P~ glc 1
3.) Cy +2C) — Cy al — A~ _(1) ;z Q~ (1) ;
4) —Rim Ry oA (1) O} v _1 (1)]

Consequently, the Smith Normal Form for x7 — A and the invertible matrices P and @) are as follows.

SNF (2] — A) = P(z] — A)Q = {_i (1)] B _aj [(1) i] B [(1) 9?2}

Even more, the only invariant factor of A is 22, hence the minimal polynomial and the characteristic
polynomial of A are pa(z) = x? and x4(z) = z%. Last, the only elementary divisor of A is z2.

Going forward into the case of 3 x 3 matrices, out of want for simplicity, we will not concern our-
selves with keeping track of the matrices P and @); however, we note that (somewhat miraculously)
in order to determine the invertible matrix P that converts A to its Rational Canonical Form
or Jordan Canonical Form, it suffices to keep track only of the elementary row operations.

Example 2.4.5. Let us compute the Smith Normal Form for I — A of the following 3 x 3 matrix.
111
A=12 2 2
3 3 3
We will keep track of the elementary row operations and often abbreviate column operations.

r—1 -1 -1
zl —A=| -2 -2 =2

1) C) + C, ol —A~ |z—-2 -2 =2
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2) RQ + (ZE — Q)Rl — RQ

3) R3 — 3R1 — R3

Perform column operations
and simplify the result.

4) Cg + (iL‘ — 3)03 — 02

5) R3—|—R2 — R3

CQ <~ Cg

6> —02 — Cg

xl — A~
xl — A~
xl — A~
xl — A~
xl — A~
xl — A~

93

-1 x—1 -1
0 (z—1(z—2)—2 —(x—2)—2
-3 -3 r—3
—1 r—1 -1
0 (z—1)(z—2)—2 —(x—2)—2
0 —-3x-1)-3 x
1 0 0
0 z(x—3) —x
0 -3z x
1 0 0
0 0 -
0 =3z+z(x—3) =z
1 0 0
0 0 -
0 z(x—6) 0
10 0
0 x 0
0 0 z(z—06)

We note that this last matrix is by definition the Smith Normal Form for I — A. Consequently, the

invariant factors of A are x and x(x—6); the elementary divisors of A are x, z, and —6; the minimal

polynomial of A is pa(z) = z(x — 6); and the characteristic polynomial of A is xa(z) = 2%(z — 6).

Example 2.4.6. Let us compute the Smith Normal Form for 21 — A of the following 3 x 3 matrix.

1 0 2
A=10 1 0
0 01

We will keep track of the elementary row operations and often abbreviate column operations;

however, it is possible here to get away almost entirely with using column operations.

]l — A= 0

z—1 0
r—1

0 0

—2

0

z—1
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1) Ry+ =(x—1)Ry — Ry xl — A~ 0 r—1 0

2) C1 < C; xl — A~ 0 z—1 0

1
3) —§le—>01 I —A~ |0 -1 0

4) C3 — (x —1)C5 — Cj el —A~ |0 z—1 0

1 0 0
5)203’—)03 Il —A~ |0 z—-1 0
0 0 (z—1)7

We note that this last matrix is the Smith Normal Form for xI — A. Consequently, the invariant
factors of A are x — 1 and (x — 1)?; the elementary divisors of A are x —1 and (z — 1)?; the minimal
polynomial of A is pa(x) = (z — 1)%; and the characteristic polynomial of A is xy(z) = (x — 1)3.

Example 2.4.7. Observe that the characteristic matrix of the n X n zero matrix O is simply the
n xn matrix x/. Consequently, the Smith Normal Form for the characteristic matrix of the n xn zero
matrix is the diagonal matrix consisting of n copies of x along the main diagonal. Particularly, the
invariant factors and the elementary divisors of O are x, z, ...,z (n times); the minimal polynomial
of O is pp(x) = z; and the characteristic polynomial of O is yo(x) = 2.

Example 2.4.8. Observe that the characteristic matrix of the n x n identity matrix I is the matrix
(x — 1)I. Consequently, the Smith Normal Form for the characteristic matrix of the n x n identity
matrix is the diagonal matrix consisting of n copies of x — 1 along the main diagonal. Particularly,
the invariant factors and the elementary divisors of [ are xt—1,x—1,...,x—1 (n times); the minimal
polynomial of I is pr(z) = x — 1; and the characteristic polynomial of I is x;(x) = (x — 1)™.

We will come to find that the Rational Canonical Form for A is built out of the invariant factors
of A; similarly, the Jordan Canonical Form for A is built out of the elementary divisors of A. By
definition, the elementary divisors of A are the powers of the irreducible polynomial factors of the
invariant factors of A. We have tacitly used this fact already, but let us do some more examples.

Example 2.4.9. Given that the invariant factors of a matrix A are x — 1 and (z — 1)(z — 2), the
elementary divisors of A must be x — 1, z — 1, and x — 2; this must be a 3 X 3 matrix with minimal
polynomial p4(z) = (x — 1)(x — 2) and characteristic polynomial x4(z) = (z — 1)*(x — 2).
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Example 2.4.10. Given that the invariant factors of a matrix A are x, z?, and x*(z + 1)?, the
elementary divisors of A must be z, 2%, 23, and (2 +1)?; this must be an 8 x 8 matrix with minimal
polynomial pi4(z) = 23(x 4+ 1)? and characteristic polynomial y 4(z) = z°(z + 1)%.

Example 2.4.11. Observe that there cannot be a matrix with invariant factors z — 1 and x + 1
because neither of these linear polynomials divides the other. Explicitly, they have distinct roots.

We provide an algorithm for determining the elementary divisors from the invariant factors.

Algorithm 2.4.12 (Converting Invariant Factors to Elementary Divisors). Let A be a real n x n
matrix whose invariant factors are known. Use the following to find the elementary divisors of A.

1.) Given the invariant factors p;(z) with py(x) | pa(x) | - -+ | pe(z), express each invariant factor
pi(z) as a product of distinct prime powers of irreducible polynomials.

2.) Construct an upper-triangular array whose ith column consists of the distinct prime powers
of irreducible polynomials ¢; ()%, ..., gx(z)%* such that p;(x) = ¢ (z)%" - - - gix(z)%*.

3.) We obtain the elementary divisors of A as the components of the upper-triangular array.

Example 2.4.13. By the previous algorithm, if A admits an invariant factor x(x — 1)%(z* + 1)3,
then the elementary divisors of A corresponding to this invariant factor are x, (x—1)?, and (z*+1)3.

Conversely, it is possible to ask for the invariant factors from the elementary divisors. We
provide an algorithm for this task; however, we note that it is slightly more delicate than the last.

Algorithm 2.4.14 (Converting Elementary Divisors to Invariant Factors). Let A be a real n x n
matrix whose elementary divisors are known. Use the following to find the invariant factors of A.

1.) Find the irreducible polynomial p(z) that appears the most times among the elementary
divisors of A. Choose one arbitrarily if more than one polynomial fits this criterion.

2.) Create an array whose first row consists of all powers of p(z) that appear as elementary
divisors of A, listing these powers in non-decreasing order from left to right.

3.) Repeat the second step in the second row with the irreducible polynomial ¢(z) that appears
the second most times among the elementary divisors of A.

4.) Continue this process until all irreducible polynomials appearing as elementary divisors of A
have been written in a row. One should end with an upper-triangular array.

5.) By multiplying the elements of each consecutive column, we obtain the invariant factors of A.

Example 2.4.15. Given that the elementary divisors of a matrix A are z, =, 2%, 23, x — 1, 2® + 1,
and 2% + 1, the previous algorithm leads us to the following upper-triangular array.

r X ZEQ 1'3

41 22 +1
r—1
Consequently, the invariant factors of A are the products of the columns of this array, i.e., they

are r, z, v*(z* + 1), and z*(z — 1)(z* + 1). We conclude that A is a 12 X 12 matrix with minimal

polynomial pi4(z) = 2*(x — 1)(2* + 1) and characteristic polynomial x(z) = z"(z — 1)(2? + 1)%
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Example 2.4.16. Given that the elementary divisors of a matrix A are z?, 2%, 2% + x + 1, and
2% + x + 1, the previous algorithm leads us to the following upper-triangular array.

x? x?

24+r+1 22+zx+1

Consequently, the invariant factors of A are the products of the columns of this array, i.e., they are
2?(2? + 2+ 1) and 2%(2* + 2+ 1). We conclude that A is an 8 x 8 matrix with minimal polynomial
pa(x) = 2%(2® + 2 + 1) and characteristic polynomial y(z) = 24(2? + 2 + 1)%

Example 2.4.17. Observe that there cannot be a 3 x 3 matrix with elementary divisors 22 and 22
because this would force the characteristic polynomial to be z#, and this is impossible.

Example 2.4.18. Likewise, there cannot be any 3 x 3 matrices with elementary divisors x and x
because this would force the characteristic polynomial to be 22, and this is impossible.

2.5 Rational Canonical Form

Last section, we defined the Smith Normal Form of the characteristic matrix of a real n x n matrix.
Essentially, the Smith Normal Form provides a generalization of the reduced row echelon form of a
matrix with entries that do not belong to a field: polynomials do not admit multiplicative inverses,
so a matrix whose entries consist of polynomials might not admit a typical reduced row echelon form
consisting of zeros and ones; however, the Smith Normal Form guarantees that every such matrix
can be placed in a unique diagonal form consisting of ones and polynomials along the diagonal in
such a manner that each of the non-constant polynomials divides the next. Even more, the Smith
Normal Form provides the invariant factors and elementary divisors of a real n x n matrix. We will
see throughout this section and the next that this information leads to canonical forms that are (in
a strict sense) “simplest” and from which the properties of a matrix can be easily deduced.

Given any monic polynomial p(z) = 2" +a,,_12" 1+ - - + apx® + a1 + o of degree n, we define
the companion matrix of the polynomial p(x) as the following n x n matrix.

0 0 0 —ap
10 -0 -
Coy = |0 1 0 —ay
00 -+ 1 —apq]

Example 2.5.1. Observe that the companion matrix of any linear polynomial = + ¢ is [—c].
Explicitly, the companion matrix of x is [0}, and the companion matrix of z — 1 is [1]

Example 2.5.2. Observe that the companion matrix of any quadratic polynomial z? + ax + b is

.

Explicitly, the companion matrix of 22 + 1 is given as follows.

[
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Likewise, the companion matrix of 22 + x + 1 is the following.

0 —1
1 -1
Crucially, the characteristic polynomial and minimal polynomial of the companion matrix of a

monic polynomial p(z) = 2" + 12" ' + -+ + azz® + aqx + @ are both simply p(z).

Proposition 2.5.3. Consider any monic polynomial p(z) = 2™ + Q12" P+ o+ oy
of positive degree n and the following companion matriz Cyy of the polynomial p(x).

0 0 — Q)

1 0 —Q

Coy = [0 1 0 —ay
000 - 1 —an ]

Both the characteristic polynomial and the minimal polynomial of Cpey are equal to p(x).

Proof. We will prove that the characteristic polynomial of Cp, is equal to p(z). We proceed by
induction on the degree n of p(z). Certainly, if n = 1, then the companion matrix of p(z) = = + «ag
is annihilated by p(z) because it holds that Cy) = [—ap] so that p(Cpya)) = Cyay + a0l = O. We
conclude in this case that p(x) is the minimal polynomial of C,) by Proposition , hence it is
the characteristic polynomial by Proposition . We will assume by induction that the claim

holds for all monic polynomials of degree n — 1. Consider the characteristic matrix xI — Cp(,).

[z 0 --- 0 ap |

—1 T .- 0 o
xl — Cp(x) = 0 -1 "-. 0 (%)

| 0 0 —1 x+an 1]

By definition, the characteristic polynomial of Cp ) is det(zI — Cp(y)). Expanding the determinant
along the first row yields det(z] — Cy)) = zdet(z] — Cyyy) + (—1)" g det(A) for the matrices

T 0 0 o -1 T 0 0

-1 0 9 0 -1 T 0

2l — Cy) = 0 —1 0 o3 and A = 0 0 -1 0
| 0 0 —1 o+ an 1] | 0 0 0 —1]

obtained as (n—1) x (n— 1) submatrices of 21 — C)(,) by deleting the first row and first column and
the first row and nth column of 21 — C ), respectively. Observe that Cy(,) is the companion matrix
of the monic polynomial ¢(z) = "' + o, 12" % + - - - + azz? + asx + a1, hence by induction, the
characteristic polynomial and the minimal polynomial of Cy(,) are both ¢(z). Particularly, it follows
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that @ det(2] — Cyp)) = zq(x) = 2" + 12" 4+ -+ 32° + ap2® + a1z = p(x) — ap. On the other
hand, we note that A is an upper-triangular matrix with n—1 copies of —1 along the diagonal, hence
we conclude by Proposition that det(A) = (=1)"! and (—1)""ag det(A) = ap. Combined,
these two calculations reveal that det(z] — Cp)) = p(x) — ag + 9 = p(z), as desired.

Even though it is a bit contrived, we will prove that p(z) is the minimal polynomial of Cy ;) by
demonstrating that no monic polynomial of strictly lesser degree annihilates Cl ). Observe that for
the n x 1 standard basis vector e; consisting of one in the first row and zeros elsewhere, we have
that Cpe; = ey so that Cg(z)el = Cp(r)€2 = €3 and C’;f(x)el = epy for all integers 1 < k <n —1.
Consequently, for any monic polynomial q(z) = 2"~ + B, 22" 2 + -+ + Boz? + B11 + By, we have
that ¢(Cp))er = e, + Bnoep_1 + - - + Paes + Bres + Boer. We conclude that ¢(Cpy)) is nonzero,

hence there cannot be a monic polynomial of degree less than n that annihilates Cl ). O]
Given any (real) matrices Ay, ..., Ag such that A; is an n; x n; matrix for each integer 1 < i < k,
the direct sum of Ay, ..., Ay is the (real) (ny +---+ng) x (ng + - - - + ng) matrix
A 0 0
A@-@A=10 . 0
0 0 A
constructed by arranging the matrices Ay, ..., Ay along the main diagonal and completing the

matrix with zeros elsewhere. We refer to a square matrix of this form as a block diagonal matrix.

Example 2.5.4. Every diagonal matrix can be realized as a block diagonal matrix whose compo-
nents along the main diagonal are simply 1 x 1 matrices. Explicitly, we have the following.

a1 0 0

0 ap - 0

0 32 0 = [&11} @D [agz] D---D [ann}
0 0 O

Example 2.5.5. By definition, the direct sum of a 1 X 1 and a 2 x 2 matrix matrix is a 3 x 3 block
diagonal matrix. Explicitly, the direct sum is a matrix of the following form.

b b a1 0 0
an] & [b” b”] =10 bu b
21 22 0 le b22

Block diagonal matrices behave in a civilized manner with respect to taking determinants and
computing their characteristic matrices. Consequently, the determinant, characteristic polynomial,
and minimal polynomial of a block diagonal matrix can be easily deduced as follows.

Proposition 2.5.6. Given any square matrices Ay, ..., Ay, we have that
det(A; @ - @ Ag) = det(Ay) - - - det(Ay).
Proof. By definition of the direct sum of matrices, we have the following.

A 0 0
0 0 A
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By Theorem , there exist scalars oy, ..., oy such that det(A;) = «; det(RREF(4;)) for each
integer 1 < ¢ < k. Considering that the matrix A;®- - -@ Ay, is block diagonal, performing elementary
row operations on any submatrix A; does not affect any of the other submatrices, hence we may

reduce each of the matrices Ay, ..., A to its reduced row echelon form at the cost of some scalar.
RREF(4;) 0 0
0 0 RREF(A)
Either the reduced row echelon form of each of the matrices Ay, ..., Ay is the appropriately-sized

identity matrix, or the reduced row echelon form of some matrix possesses a zero row. Certainly,
in the first case, the determinant of the matrix in the above displayed equation is one, and we
conclude that det(A; @---® Ag) = oy - - - ay. Even more, the determinant of each matrix A; satisfies
that det(A;) = «;, hence it holds that det(A; & - -- & Ay) = det(A4;) - - - det(Ag). Conversely, if the
reduced row echelon form of some matrix possesses a zero row, then the determinant of the matrix
in the above displayed equation is zero so that det(A; @ --- @ Ag) = 0 = det(A4;) - --det(Ag). O

Corollary 2.5.7. Given any square matrices Ay, ..., A, with respective characteristic polynomials
X1(2), ..., xk(x), the characteristic polynomial of Ay @ --- & A is x1(x) - - - xx(2).

Proof. Considering that I — (A; @ -+ ® Ag) = (¢ — A1) @ -+ - @ (xl — Ay), the claim follows
immediately from the definition of the characteristic polynomial and Proposition . O

Proposition 2.5.8. Given any square matrices Ay, ..., Ay with respective minimal polynomials
(), ..., m(z), the minimal polynomial of Ay & - -+ & A is lem(py (), . . ., pr(x)).

Proof. We claim that for any polynomial p(x), we have that p(A; @ ---® Ay) = p(A1) @+ - D p(Ayg).
Considering that the identity a(A; @& --- & Ag) = (A1) & - -- & (aAy) clearly holds, it suffices to
prove that (A @ --- @ Ap)" = (A7) & - - & (A}) for any positive integer n: indeed, we have that

A, 0 0774 0 o A2 0 0
(Aro-—aA4)=]0 . o|llo . ol=|0 . o|l=A4Da &4
0 0 AJllo o A4 0 0 A2

because the only nonzero entries of this matrix product come from the rows and columns corre-
sponding to the matrix A; for each integer 1 <1 < k. Certainly, it is possible to repeat this process
for any positive integer n, hence the desired identity p(A; & - - @& Ax) = p(A41) & - - - ® p(Ax) holds.
Consider the least common multiple p(x) = lem(py(2), ..., px(z)) of the minimal polynomials

of Ay, ..., Ay. By definition, for each integer 1 < i < k, there exists a polynomial ¢;(z) such that
p(x) = w;i(z)q(x), from which it follows that p(z) annihilates the matrices Ay, ..., Ax. Consequently,
we find that p(x) annihilates A; @ - - - @ Ay, hence by Proposition , we conclude that p(x) must
be divisible by the minimal polynomial p(z) of Ay & --- & Ag. Conversely, if p(z) annihilates the
direct sum A, @ - - - @ Ay, then it must annihilate each of the matrices Ay, ..., Ax because it holds by
the previous paragraph that u(A; @ --- @ Ag) = u(A1) @ -+ - @ pu(Ag), and the latter is equal to the
zero matrix if and only if ©(A4;) is equal to the zero matrix for each integer 1 < ¢ < k. By Proposition
, () is divisible by pi(x), ..., up(z), hence it is divisible by p(x) = lem(py (), . .., up(x)). O
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We are at last ready to construct the Rational Canonical Form of a real n x n matrix.

Definition 2.5.9 (Rational Canonical Form). Consider any (real) n x n matrix A with invariant
factors pi(x),p2(x), ..., pe(x) whose companion matrices are Cp,(2);, Cpy(a), - - - » Cpy(z), Tespectively.
We define the Rational Canonical Form of A as the (real) n x n matrix

Cp, (2) 0 0 0
0 Cpozy 0O 0
0 0 . 0
0 0 0 Cpa)

RCF(A) = Cpy(2) ® Cpy(a) © -+ & Cpya) =

Example 2.5.10. Let us compute the Rational Canonical Form for the matrix of Example

1
A= X
1 -1
We proved in that example that the only invariant factor of Ais (z—1)(z+1) = 22—1. Consequently,
the Rational Canonical Form for A is the companion matrix of this quadratic polynomial.

01

Example 2.5.11. Let us compute the Rational Canonical Form for the matrix of Example
1
A= X
00
We proved in that example that the only invariant factor of A is 22. Like the previous example, the
Rational Canonical Form for A must be the companion matrix of z2.

RCF(A) = Oy — {(1) 8}

Example 2.5.12. Let us compute the Rational Canonical Form for the matrix of Example
1 11
A=12 2 2
3 3 3

We proved in that example that the invariant factors of A are z and z(x—6) = x?—6z. Consequently,
the Rational Canonical Form for A is the direct sum of the companion matrices of z and 2% — 6z.

oS O O

00 00
RCF(A)—C’I@szﬁx—[O}eBL 6]— 00
0 1

Example 2.5.13. Let us compute the Rational Canonical Form for the matrix of Example

10 2
A=10 1 0
0 01
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Considering that the invariant factors of A are x —1 and (x — 1) = 22 — 2z + 1 by the example, the
Rational Canonical Form for A is the direct sum of the companion matrices of z — 1 and 2% — 2z + 1.

0 —1 10 0
RCF(A) == Oz—l S¥) Cx2_21«+1 = [1] S5 |:1 2:| =10 0 -1
01 2

Example 2.5.14. Consider any matrix A whose invariant factors are + — 1 and (x — 1)(z — 2).
Observe that any such matrix must be a 3 x 3 matrix. By definition, the Rational Canonical Form
for such a matrix is the direct sum of the companion matrices of z—1 and (z—1)(z—2) = 22 —3z+2.

0 o1 [LO 0
RCF(A) — Cx—l D Cx2—3$+2 = [1] D |: :| — 0 O —2
b3 01 3

Example 2.5.15. Consider any matrix A whose invariant factors are x, ¥, and z3(z+1)2. Observe
that any such matrix must be an 8 x 8 matrix. By definition, the Rational Canonical Form for such
a matrix is the direct sum of the companion matrices of x, 2%, and z3(x + 1)? = 2° + 22* + 23,

0000 O
00 1000 0
Mwm_@@@@qmmﬁ_M@Lohao1oo 0
0010 -1

000 1 —2]

Example 2.5.16. Consider any matrix A whose invariant factors are x, z, z%(z% + 1) = 2* + 22,
and 23(z —1)(2*+1) = 23(2® — 2> + 2 — 1) = 25 — 2° + 2* — 2. Observe that any such matrix must
be a 12 x 12 matrix. By definition, the Rational Canonical Form for such a matrix is the direct

sum of the companion matrices of z, z, 2* + 22, and 2% — 2° + 2* — 23.

RCF(A) =0, DO, B Cray2 D Cro_z5 44 43

00000 0
000 0 000 0 [toooo o

100 0 100 0o 01000 0
=lleloe 1o | ®lely 1o 1|®l00100 1
001 0 001 o l0o0oo010 -1
00001 1

Example 2.5.17. Consider any matrix A with two invariant factors of 2?(2? +z+1) = '+ 23+ 22
Observe that any such matrix must be an 8 x 8 matrix, and the Rational Canonical Form for such
a matrix must be the direct sum of the companion matrix of 2* + 23 + 22 with itself.

000 0 000 0
100 0 100 0
RCF(A) = Cotrrranr ® Corvanva = |0 1 0 1| ® g 1 0 —1
001 —1 001 —1
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2.6 Jordan Canonical Form

Like the , the Jordan Canonical Form of an n x n matrix is a block
diagonal matrix built as a direct sum of square matrices that are obtained from the

of the characteristic matrix. Explicitly, suppose that A is a (real) n xn matrix with elementary
divisors (z—c;)*, ..., (v—cig)*. We refer to the following e;; X e;; upper-triangular matrix Ji,_, yeis
as the Jordan matrix (or Jordan block) corresponding to the elementary divisor (x — ¢;;)%9.

-Cij 1 0 te 0 1
0 Cij 1 0
J(x,cij)eij = 0 0 Cij . 0
S T |

L 0 0 0 tee Cij_

Put another way, the Jordan matrix corresponding to the elementary divisor (x—c;;)% is the e;; x e;;
upper-triangular matrix consisting of ¢;; on the diagonal and ones along the superdiagonal.

Example 2.6.1. By definition, the Jordan matrix corresponding to any linear polynomial x + ¢ is
the 1 x 1 matrix J, . = [—c]. One might recognize this as the companion matrix of z + c.

Example 2.6.2. By definition, the Jordan matrix corresponding to the polynomial (z — 1)% is the
2 x 2 upper-triangular matrix with ones along the diagonal and ones along the superdiagonal.

11
J(a:—l)z = |:0 1:|

Example 2.6.3. By definition, the Jordan matrix corresponding to the polynomial (z + 3)3 is the
3 x 3 upper-triangular matrix with —3s along the diagonal and ones along the superdiagonal.

-3 1 0
Jaopsp =] 0 =3 1
0 0 -3
Definition 2.6.4 (Jordan Canonical Form). Consider any (real) n x n matrix A with elementary
divisors (z — ;1) (x — ¢i2)%2, ..., (¥ — i) and their corresponding Jordan matrices Ji;—c, e ,
Jz—cip)eizs - - s J(@—cip)ein - We define the Jordan Canonical Form of A as the n x n matrix
‘](:tfcil)"‘il 0 0 0
0 Jpeege O 0
JCF(A) = J(x_cil)eil S7) J(a;_ciQ)ﬁiQ b---D ‘](I—Cik)e““ - .
0 0 - 0
0 0 0 Jz—cy)em

Example 2.6.5. Let us compute the Jordan Canonical Form for the matrix of Example

1 0
A=
.
We proved in that example that the elementary divisors of A are x — 1 and = + 1. Consequently,
the Jordan Canonical Form for A is the direct sum of the 1 x 1 Jordan matrices J,_; and J,,1.

JCF(A) = Jomy ® o = [1] @ [-1] = {(1) _ﬂ
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Example 2.6.6. Let us compute the Jordan Canonical Form for the matrix of Example
0 1
A=
b o
We proved in that example that the only elementary divisor of A is 22. Like the previous example,
the Jordan Canonical Form for A must be the 2 x 2 Jordan matrix J,z.

JCF(A) = J,o = [8 (1)]

Example 2.6.7. Let us compute the Jordan Canonical Form for the matrix of Example
111
A=12 2 2
3 3 3

We proved in that example that the elementary divisors of A are z, x, and  — 6. Consequently, the
Jordan Canonical Form for A is the direct sum of the 1 x 1 Jordan matrices J,, J,, and J,_g.

0 00
JCF(A) =T, @ J, & J,_6=[0]®[0] & [6] = [0 0 0
0 0 6
Example 2.6.8. Let us compute the Jordan Canonical Form for the matrix of Example

1 0 2
A=10 1 0
0 01

By the example, the elementary divisors of A are x — 1 and (z — 1)?, hence the Jordan Canonical
Form for A is the direct sum of the 1 x 1 Jordan matrix J,_; and the 2 x 2 Jordan matrix J,_y)2.

11

JCF(A) = Juo1 @ Jpor2 = [1] @ [0 )

1 00
} =10 11
0 01
Example 2.6.9. Consider any matrix A whose elementary divisors are x — 1, z — 1, and = — 2.

Observe that any such matrix must be a 3 x 3 matrix. By definition, the Jordan Canonical Form
for such a matrix is the direct sum of the Jordan matrices J,_q, J,_1, and J,_s.

100
JCF(A)=Jp @ @y o=[1]@®[1]® 2] =0 1 0
00 2

Example 2.6.10. Consider any matrix A whose elementary divisors are x, 2, x3, and (x + 1)%

Observe that any such matrix must be an 8 x 8 matrix. By definition, the Jordan Canonical Form
for such a matrix is the direct sum of the Jordan matrices corresponding to x, x?, x®, and (z + 1).

010

1 —1 1
JCF(A)=J, ® Jp2 @ Jp3 & J(x+1)2 = [0} S U @10 0 1| &
0 0 00 0 0 —1
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Example 2.6.11. Consider any real matrix A whose invariant factors are z, z, z?(x* + 1), and
23(z — 1)(2* + 1). Observe that both roots of the polynomial 22 + 1 are complex numbers: indeed,
the roots of 22 4+ 1 are ¢ and —i. Consequently, if we view A a real matrix, then A does not admit a
Jordan Canonical Form. Explicitly, the Jordan Canonical Form is built from the Jordan matrices
corresponding to powers of linear polynomials: if 22 4 1 is an elementary divisor of A, then viewed
as a real polynomial, this polynomial does not split as a product of linear polynomials; however, if
we view A as a matrix whose entries are complex numbers, then we may view 22+ 1 as a polynomial
with complex coefficients, hence it is permissible to factor z? + 1 as (z +)(z — 7). Under this lens,
the elementary divisors of A are x,x, 2%, 2%, — 1,x —i,2 + 4,2 — i, and z + 7. Consequently, the
Jordan Canonical Form for A is the following 12 x 12 complex upper-triangular matrix.

JCFA)=J, 01, ®Jp2 D I3 D Jp1 D Jori B Jpais D Jori B S

01 010
—[o}@[o]@[o 0]@ 0 0 1lefeflel-lole-

Example 2.6.12. Consider any matrix A with elementary divisors of z?, z?, 22 + x + 1, and
2% + 2 + 1. Observe that the Jordan Canonical Form for such a matrix exists if and only if we
view A as a matrix with complex entries: indeed, the polynomial 22 + z + 1 has two complex roots
—% + \/751 and —% — \/ng Consequently, the Jordan Canonical Form for A is the following.

_ o0 a1 VB[ 1 VB,
JOFUA) = 0 € Ty 0 o= g o] @y o] @ |5+ 5] @ |-} - 22

Remark 2.6.13. Examples and raise an important point regarding the Jordan Canon-
ical Form of a square matrix A: it exists if and only if the elementary divisors of A are all power
of linear polynomials. Consequently, if we want the Jordan Canonical Form to exist for any square
matrix, we must assume that the entries of our matrix lie in an algebraically closed field, i.e., we
must ensure that the characteristic polynomial of our matrix can be written as a product of (not
necessarily distinct) linear polynomials. Often, the caveat with the Jordan Canonical Form is that
it is an upper-triangular matrix with entries in the complex numbers. Conversely, the Rational
Canonical Form of a matrix always exists; however, it is rarely an upper-triangular matrix. Even
still, in most cases, the Jordan Canonical Form is preferable to the Rational Canonical Form because
of its upper-triangular form. One can prove that the determinant of a matrix is the product of its
eigenvalues, hence the product of the eigenvalues of a real matrix must be a real number. We could
have predicted this based on the fact that complex roots come in conjugate pairs whose product
is a real number. Even more, the trace of a matrix is the sum of the diagonal components of the
matrix; this can be achieved as the sum of the eigenvalues. Once again, if the matrix is real, then
the sum of its eigenvalues is a real number because each conjugate pair of complex eigenvalues sum
to a real number. Consequently, the requirement to pass to the complex numbers is not detrimental.

2.7 Chapter Overview

This section is currently under construction.



Chapter 3

Linear Transformations of Vector Spaces

By now, we are sufficiently familiar with the theory of n x n matrices whose entries lie in a field.
Culminating in the construction of canonical forms, our studies have led us to develop sophisticated
machinery to understand both the algebraic and geometric properties of real n x n matrices. Our
principal aim throughout this chapter is to recognize that real n-space and real m x n matrices
belong to a more general notion of vector spaces and linear transformations of vector spaces that
are ubiquitous throughout mathematics and physics. Explicitly, we will demonstrate that every
linear transformation of real n-space is uniquely determined by a real m x n matrix and vice-versa.
Even more, we will explore other Euclidean vector spaces, e.g., real polynomials and real functions.

3.1 Linear Transformations of Euclidean Spaces

We begin our discussion by introducing a class of “ideal” functions from real n-space to real m-space
for positive integers m and n. We recall that a function f : X — Y from a nonempty set X to a
nonempty set Y is a relation such that for each element z in X, there is one and only one element
y = f(x) in Y. Each function from a nonempty set X to a nonempty set Y induces the following.

1.) We recall that the domain D of the function f : X — Y consists of all z-values for which
y = f(z) is well-defined. Consequently, we have that Dy = {z € X |y = f(z) is well-defined}.
Often, we will assume that the domain of a function f : X — Y is simply X, but in some
cases (such as those arising in calculus), it is required to determine the domain of f explicitly.

2.) We refer to the set Y as the codomain of the function f : X — Y. We say that y = f(z) is
the image of the element x in X. Crucially, it is not necessarily true that every element of Y
must be the image of some element in X. Explicitly, the collection f(A) of all elements y in Y
for which y = f(z) for some element x in A is called the image of A under f. Consequently,
we have that f(A) = {y € Y | y = f(z) for some element = in A}. We are familiar with the
image of the entire domain X under f: it is called the range Ry of f, i.e., Ry = f(X).

3.) Given any nonempty subset B of Y, the collection f~'(B) of all elements z in X for which
y = f(z) is an element of B is called the inverse image of B under f. Consequently, we have
that f~1(B) = {y € B |y = f(z) for some element z in X}; this could be empty!

105
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We turn our attention next to the structure-preserving functions between real n-space.

Definition 3.1.1. Given any positive integers m and n, we say that a function 7" : R” — R is a
linear transformation if and only if it preserves addition and scalar multiplication, i.e.,

1.) T(v+w)=T(v)+ T(w) for all vectors v and w of real n-space and

2.) T(av) = aT(v) for all vectors v in real n-space and all scalars «.
Conveniently, it is possible to summarize the above pair of linearity conditions as follows.

Proposition 3.1.2. Given any positive integers m and n, the function T : R™ — R™ is a linear
transformation if and only if T(av +w) = oT'(v) + T(w) for all vectors v and w and scalars c.

Proof. Certainly, if the function 7' : R® — R™ is a linear transformation, then by Definition ,
it holds that T'(av +w) = T'(av) + T(w) = oT'(v) + T(w) for all vectors v and w in real n-space
and all scalars a. Conversely, if we assume that T'(av + w) = oT'(v) + T'(w) for all vectors v and
w of real n-space and all scalars «, then in particular, we may evaluate 7'(0) to find that

T(0)=T(0+0)=T(0)+T(0).
Cancelling 7'(0) from both sides, we find that 7(0) = 0. Consequently, it follows that
1) T(v+w)=T(v+w)=1T(v) + T(w) =T(v) + T(w) and
2) T(av)=T(av+0) =aT(v)+T(0) =aT(v)+0=aT(v)
for all vectors v and w in real n-space and scalars «; as such, the asserted claim holds. O
Even more, we collect in the next proposition two useful properties of linear transformations.

Proposition 3.1.3 (Basic Properties of Linear Transformations of Euclidean Spaces). Consider
any linear transformation T : R™ — R™ defined for any positive integers m and n.

1.) We have that T(cqvy + -+ 4+ a,vy) = aaT(vy) + -+ + @, T(vy,) for all vectors vy,...,v, in
real n-space and all scalars o, . .., a,. Put another way, the tmage of a linear combination of
vectors under a linear transformation is the linear combination of the images of the vectors.

2.) We have that T(0) = 0 for the respective zero vectors 0 of real n-space and real m-space.

Proof. We prove the first property by the Principle of Mathematical Induction applied to the number
of vectors n. By definition of a linear transformation, the claim holds for n = 1, so we may assume
inductively that T'(a;vy + -+ + a,vy) = aqT'(v1) + -+ - + @, T(v,,) for all vectors vyq,...,v, € R"
and all scalars aq, ..., a,. By definition of a linear transformation, we have that

T(a1vy+ -+ apVy + @pi1Vprr) = T(aqvy + -+ apvy) + T(@pp1Vig)-

By hypothesis, the first summand is equal to a;T(vy) + - -+ + «, T(v,,), from which it follows that
T(oavi+ -+ anVvy + i1 Vpy1) = T (vi) + -+ @, T(vy) + a1 T(Ving1), as desired.

On the matter of the second property, we use the linearity of the function T to first recognize
that T(0+0) = T(0) + 7°(0). On the other hand, the zero vector satisfies that 0+ 0 = 0, hence we
have that 7(0) + 7(0) = T'(0 + 0) = 7'(0). Cancelling 7'(0) from both sides yields 7(0) = 0. [
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Example 3.1.4. We claim that the function T : R? — R? defined by T'(z,y) = (—y, ) is a linear
transformation called the orthogonalization of (z,y) in the zy-plane.

1.) Given any vectors v = [z1,y1| and w = [z9, yo], we have that v +w = [x1 + x9, y; + 2] and
T(v4+w)=T(@ + 22,01 +42) = (—¥1 — Y2, 71 + T2) = (—y1,21) + (=¥, 22) = T(v) +T(w).

2.) Given any vector v = [z,y]| and any scalar «, we have that av = [z, ay] and

T(av) =T(ax,ay) = (—ay,ax) = a(—y,z) = T (V).

By definition, we conclude that T': R? — R? defined by T'(x,y) = (—y, x) is a linear transformation.
Example 3.1.5. We claim that the function T : R* — R? defined by T'(z,y, z) = (z,y) is a linear

transformation called the projection of (x,y, z) into the zy-plane.

1.) Given any vectors v = [x1, 41, 21] and w = [z, Y2, 22|, we have that

T(v+w)=T(x1+x2, 11 +Y2,21 +22) = (X1 + 22,1 +42) = (X1, 1) + (22, y2) = T(v)+T(w).

2.) Given any vector v = [z, vy, z] and any scalar «, we have that av = |[az, ay, az] and

T(av) =T (ax,ay,az) = (ax,ay) = a(x,y) = T (v).

By definition, we conclude that 7' : R?* — R? defined by T'(z, vy, z) = (z, ) is a linear transformation.

Example 3.1.6. We claim that the function 7' : R — R? defined by T'(z) = (z,2% 2?) is not a
linear transformation: indeed, it is possible to deduce this based purely on the fact that 2% and 23
are not linear functions; however, a concrete example to illustrate that 7" is not linear is that

T(2) = (2,2%,2°) = (2,4,8) # (2,2,2) = 2(1,1,1) = 2T(1).

Example 3.1.7. We will explicitly determine in this example all linear transformations 7' : R — R
from the real line to itself; then, we will give a geometric interpretation of the image of such functions
in the Cartesian plane. By Definition , for every real number x, we must have that

T(z) = 2T(1) = T(1)z.

Consequently, the image T'(z) of x under T for any real number x is uniquely determined by the
image T'(1) of 1 under T. Even more, if we denote T'(1) = m, then T'(xz) = max for all real numbers
x, hence the linear transformation 7" : R — R are precisely the lines through the origin.

Often, it is more tedious than it is difficult to determine according to Definition whether a
function T : R™ — R™ is a linear transformation; however, our next theorem provides a classification
of all linear transformations of real n-space that eliminates our need to refer to the definition.

Theorem 3.1.8 (Linear Transformations of Euclidean Spaces and Real Matrices). Given any posi-
tive integers m and n, a function T : R™ — R™ is a linear transformation if and only if there exists
a real m x n matriz A such that T'(v) = Av for every vector v in real n-space.
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Proof. We prove first that if A is any real m x n matrix, then the function T4(v) = Av is a linear
transformation T4 : R” — R™. Considering any vector v in real n-space as a real n x 1 matrix,
it follows that Av is a real m x 1 matrix, hence Ty : R" — R™ is well-defined by its domain and
codomain. Even more, for any vectors v and w in real n-space and any scalar a, we have that

Talav+w) =A(av+w) = Alav) + Aw = aAv + Aw = oT 4 (v) + Ta(w)

because . By Proposition , T’y is a linear transformation.

Conversely, we demonstrate that if 7': R®™ — R™ is a linear transformation, then there exists a
real m x n matrix A such that T'(v) = Av for every vector v in real n-space. Considering that 7" is
a linear transformation, every coordinate of 7'(v) must be a linear combination of the coordinates

of v. Consequently, if we assume that the coordinates of v are given by v = [vy,vs,...,v,], then
there must exist real numbers a;1, a;, . . ., a;, for each integer 1 < ¢ < m such that
11V1 + @12V2 + - - - + A1V, ai a12 Q1in
A21V1 + Q22U + *** + A2, Up a21 22 Q2n
T(v) = _ =| ot | et | vae
Am1V1 + Qa2 + -+ + QmpUn Am1 Am2 Amn
By Remark , we find that T'(v) = Av for the real m x n matrix A with (7, j)th entry a;;. O
We refer to the matrix of Theorem as the matrix representation of the linear transfor-

mation 7' : R™ — R™ (with respect to the standard basis vectors of real n-space). Eventually, we
will come to find that the matrix representation of a linear transformation is an indispensable tool
in the theory of linear transformations of vector spaces; however, for now, it is enough to witness
the utility of the matrix representation in the context of linear transformations of real n-space.

Example 3.1.9. We will determine in this example whether the function 7' : R3 — R? defined
by T'(x,y,z) = (y,x —y + z,x) is a linear transformation. Based on intuition, at a glance, we are
inclined to believe that T is a linear transformation because each component of its image is a linear
function of x, y, and z. Concretely, we may determine the matrix representation as follows.

Y 0 1 0 0 1 0] [|x
T(Lyaz): r—y+z| =|1lz+ |-1|ly+ [1]|z=|1 -1 1 y
T 1 0 0 1 00 z

Consequently we conclude that T is a linear transformation with the above matrix representation.

Example 3.1.10. Let us next illustrate how to determine a formula for the image a linear trans-
formation 7" : R® — R™ by computing the matrix representation of 7' according to the images of
the standard basis vectors eq, es, ..., e, of real n-space under 7. Explicitly, let us assume that

T(1,0) = (1,3,5) and 7'(0,1) = (2,4, 6)
so that T': R? — R3. Every vector v in real 2-space can be written as a linear combination of [1, 0]
and [0, 1] according to the fact that v = [z,y] = [z,0] + [0,y] = x[1,0] + y[0, 1], hence we find that

2

1 12
T(v) = T(z[1,0] + y[0,1]) = 2T(1,0) + yT(0,1) = 3|z + [4|y= |3 4 H
5 6 5 6| WY
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Consequently, the matrix representation of 1" is provided by the above real 3 x 2 matrix, and the
formula for the image of a vector v = [z, y] under T is given by T'(x,y) = (x + 2y, 3z + 4y, 5z + 6y).

Example 3.1.11. On the other hand, it is possible to determine a formula for the image a linear
transformation 7" : R®™ — R by computing the matrix representation of 7" according to the images
of any linearly independent vectors vy, vs, ..., v, of real n-space under T'. Concretely, suppose that

T(1,1,0) = (1,0,1) and T(1,0,1) = (0,2,2) and 7(0,1,1) = (—1,2,1)

so that T : R® — R3. Every vector v = [z, ¥, 2] in real 3-space can be written as a linear combination
of [1,1,0], [1,0, 1], and [0, 1, 1] because these vectors are linearly independent: indeed, to determine
the coefficients a, b, and ¢ of [z, y, z] with respect to the basis vectors [1, 1,0], [1,0, 1], and [0, 1, 1], it

suffices to solve the following 3 x 3 matrix equation using or matrix inversion.
1 1 0f |a T
10 1| |6 =]y
01 1] [c z

Using Gaussian Elimination, we reduce an augmented matrix to reduced row echelon form.

110 1 10| =z 1 10 T 10 0|3(x+y—2)
1. 2. 3.

101yl Yo -1 1ly—2| %o 11 y—z |¥lo1o0|llzy+a)

01 1]z 0 1 1| =z 0 0 2|z+y—= 00 1|35(z+y—2x)

(1.) We employed the elementary row operation Ry — Ry — Rs.

(2.) We employed the elementary row operation R3 + Ry — Rs.

(3.) We employed the elementary row operations %R;; — R3, —Ro+ R3 — Ry, and Ry — Ry — R;.
Considering the rows of the above augmented matrix as the formula for 7', we conclude that

7 )_1+1 1 1 1+1 1+1+1
r,Y,2) = 2$ 2y 22’,2:5 2y 2z, 2x 2y 2z.

Equivalently, our above computation yields the matrix representation of 7" since we have that

1 1 1
a 2 2 3o |7
_ |1 11
RN
¢ —2 2 24 L7

Considering the intimate relationship between a linear transformation 7" of real n-space and its
matrix representation by a real m x n matrix A, it is not surprising that the analogy between a
linear transformation and its matrix representation gives rise to the following important notions.

Definition 3.1.12. Given any positive integer n, we say that a linear transformation 7' : R" — R" is
invertible if and only if the standard matrix representation A of T is invertible. Explicitly, we define
the inverse transformation of an invertible linear transformation 7" as the linear transformation
T-!:R™ — R" represented by the matrix inverse A~! of the real n x n matrix A.
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Example 3.1.13. Each of the linear transformations of Examples , , and is invert-
ible because their matrix representations are invertible; the linear transformations of Examples
and are not invertible because these transformations are not represented by square matrices.

Definition 3.1.14. Given any positive integer m and n and any linear transformation 7" : R® — R™,

1.) the range of T' consists of all vectors in R™ that are the image of some vector in R, i.e.,

range(T) = {w € R™ | w = T'(v) for some vector v € R"} and

2.) the kernel of T' consists of all vectors in R” whose image in R™ is the zero vector, i.e.,

ker(T) ={v e R" | T(v) = 0}.

Crucially, if T : R™ — R™ admits a real m X n matrix representation A, the range of T" is the column
space of A and the kernel of T is the null space of A, i.e., range(T') = col(A) and ker(T") = null(A).
Consequently, the range and kernel of a linear transformation are subspaces of real n-space, and we
may therefore define the rank and nullity of a linear transformation according to the formulae

rank(7") = rank(A) and nullity(7") = nullity(A).
By the for A, we obtain the following identity for the linear transformation 7.
rank(7") + nullity(7") = #(columns of the matrix representation A)

Example 3.1.15. Each of the linear transformations of Examples , , and has rank
equal to the number of columns of its matrix representation by Corollary because their matrix
representations are invertible, hence the nullity of each transformation is zero. Likewise, the linear
transformations of Examples and have rank equal to the number of columns of their
matrix representations because their matrix representations have as many pivots as columns.

3.2 Vector Spaces

Going forward, we will formally refer to a collection of like objects (such as real m x n matrices) as
a set; the objects of a set are called elements or members. We will use the symbol € to denote
set membership, i.e., we write that s € S if and only if s is an element of the set S.

Example 3.2.1. Consider the set S that consists of the first five positive integers 1, 2, 3, 4, and
5. We note that the elements of S are precisely the integers 1, 2, 3, 4, and 5, hence in particular,
we may write that 1 € S, 2 € S, and so on for each of the remaining three integers. We say in
this case that S is a finite set because it has finitely many members. We use curly braces to
denote a finite set by its elements, hence we have that S = {1,2,3,4,5}. One thing to notice is that
the arrangement of the elements of S does not matter because S only keeps track of what objects
belong to it. Likewise, the number of times an element of S appears in the set S does not matter.
Explicitly, it is true that S = {1,2,3,4,5} = {2,4,1,3,5} = {2,4,2,1,2,3,2,5}; however, it is false
that S = {0,1,2,3,4,5} because the set {0, 1,2, 3,4, 5} has the non-negative integer 0 as a member.
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Example 3.2.2. Often, we will consider sets consisting of infinitely many elements; we call these
infinite sets. Clearly, it is not possible to list the infinitely many elements of such a set, hence we
turn to the so-called set-builder notation to describe the elements of an infinite set. For instance,
the set of real numbers R is an infinite set; its elements are simply real numbers, so in set-builder
notation, we write R = {x | x is a real number}, and we read this as, “R is the set of all elements
x such that x is a real number.” Explicitly, in set-builder notation, we may describe a set S as

S = {the objects of S | the requirement for set membership in S}.

Back to our example of the real numbers, the objects in R are denoted by x, and the requirement
for set membership in R is that = is a real number. Put another way, in set-builder notation for a
set S, the objects of the set S come first; then, we place a vertical bar | to signify the phrase “such
that”; and finally, we list the condition under which an object belongs to the set S in question.

Example 3.2.3. Consider the collection R™*" of real m xn matrices. We note that this is an infinite
set whose set membership condition can be expressed as A € R™*™ if and only if A is a real m x n
matrix. Consequently, in set-builder notation, we have that R™*™ = {A | A is a real m xn matrix}.

Example 3.2.4. Consider the collection R[z] of real polynomials in indeterminate z. We note that
this is an infinite set whose set membership condition can be expressed as p(x) € R[z| if and only
if p(x) is a real polynomial in indeterminate z. Consequently, in set-builder notation, we have that

R[z] = {p(z) | p(z) is a real polynomial in indeterminate x}.

One other way to realize this set in set-builder notation is to notice that every real polynomial in
indeterminate x can be written as a,z" + - - - + a1z + ag for some non-negative integer n and some

real numbers a,, ..., a,ay. Consequently, under this identification, we may also write that
Rlz] = {a 2™ + -+ + a1 + ag | n is a non-negative integer and a,, ..., as, ag are real numbers}.
Back in Example , we referred to any (real) 1 xn matrix as a 1 xn row vector. Our objective

throughout this section is to demonstrate that the vector terminology can be applied much more
broadly than simply in the scope of matrices. We begin by making the following definition.

Definition 3.2.5. We say that a pair (V, +) is a (real) vector space if the following hold.
1.) (Closure Under Addition) We have that u+ v € V for any pair of elements u,v € V.
2.) (Associativity of Addition) We have that (u+v)+w=u+ (v+w) forallu,v,w e V.
3.) (Commutativity of Addition) We have that u+ v = v 4 u for any pair of elements u,v € V.
4.) (Additive Identity) There exists an element Oy € V such that v+ 0y = v for all v e V.
5.) (Additive Inverse) For any element v € V, we have that v 4+ (—v) = 0y for some —v € V.
6.) (Closure Under Scalar Multiplication) We have that av € V for all (real) scalars o and v € V.

7.) (Multiplicative Identity) We have that 1v = v for each element v € V.
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8.) (Homogeneity) We have that a(8v) = (af)v for all (real) scalars o and § and elements v € V.

9.) (Distributive Law I) We have that a(u+ v) = au + av for all (real) scalars o and u,v € V.

10.) (Distributive Law II) We have that (a4 5)u = av + v for all (real) scalars «, 5, and v € V.
We will henceforth refer to the elements v of any vector space V as (real) vectors.

Combined, the first five properties of Definition ensure that any vector space V' constitutes
an abelian group with respect to the particular addition defined on its elements. Group theory is
an essential branch of study in modern algebra, but we will not concern ourselves with their study
here; however, we will come to find that different notions of addition are required for different vector
spaces, e.g., the familiar addition of vectors in real n-space, addition of (real) m X n matrices, and
addition of real polynomials of degree < n for some non-negative integer n. Our next proposition
confirms the fact (we have taken for granted) that R™ forms a real n-dimensional vector space.

Proposition 3.2.6. Real n-space R™ forms a real vector space of dimension n.
Proof. We define addition of points in real n-space componentwise by
(21, 22,y 0] + Y1, Yo, - Ynl = [T F Y1, T2+ Y2, T+ Yl

Considering that addition of real numbers constitutes an associative and commutative binary op-

eration on the real numbers, the first three conditions of Definition are satisfied. Even more,
the zero vector in R™ is the n-tuple 0 = [0,0,...,0], and for any real n-tuple [x1,xo, ..., z,], we
have that — [z, 29, ..., x,] = [—21, =29, ..., —2,]. We conclude that the fourth and fifth conditions

of the definition hold, hence we may turn our attention to scalar multiplication in R™. We define
alry, zo, ... x,] = [axy, axs, . .., ax,] for any real number o and any real n-tuple [z1, 2, ..., 2,].
Considering that multiplication of real numbers constitutes an associative, commutative, and dis-
tributive binary operation on the real numbers, it follows that R" is a real vector space. Last, the
dimension of R" is n since the standard basis of R™ consists of the vectors e; whose ith coordinate
is 1 and whose other coordinates are 0, i.e., e, = [1,0,...,0], e =[0,1,...,0], and so on. O

Our next example illustrates that the collection of real m x n matrices forms a real vector space.

Example 3.2.7. Consider any positive integers m and n. We denote by R™*" the collection of all
real m X n matrices. Observe that the following properties hold, hence R™*" is a real vector space.

1.) By definition, for any pair of m x n matrices A and B, the matrix sum A+ B is the real m x n
matrix whose (7, j)th entry is the sum of the (7, j)th entries of A and B.

2.) By definition, matrix addition is associative because addition of real numbers is associative.
3.) Likewise, matrix addition is commutative because addition of real numbers is commutative.

4.) By Example , the m X n zero matrix O,,x, is the unique real m X n matrix with the
property that A + O,,x, = A for all real m x n matrices A.
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5.) By Example , for every real m x n matrix A, there exists a unique real m X n matrix
—A such that A+ (—A) = O,y for the m X n zero matrix O,,x,. Explicitly, —A is the m x n
matrix whose (7, j)th entry is the (4, j)th entry of A with the opposite sign.

6.) By the paragraph preceding Example , if A is a real m x n matrix, then we have that
cA is the real m x n matrix whose (7, j)th entry is ¢ times the (7, j)th entry of A.

7.) Likewise, if A is a real m X n matrix, then we have that 14 = A.
8.) Even more, if A is a real m x n matrix, then ¢(dA) = (ed)A for all real numbers ¢ and d.

9.) By definition of matrix addition and the paragraph preceding Example , we have that
c¢(A+ B) = cA + ¢B for all real numbers ¢ and all real m x n matrices A and B.

10.) Last, by the paragraph preceding Example , we have that (¢ + d)A = cA + dA for all
real numbers ¢ and d and all real m x n matrices A.

Example 3.2.8. Consider the collection F(R,R) of real functions f : R — R. We may define
function addition so that if f : R — R and ¢ : R — R are any functions, then f + ¢ is the function
satisfying (f + ¢)(x) = f(z) 4+ g(z) for all real numbers x, and we may define scalar multiplication
so that (af)(z) = af(x). Observe that the following hold, hence F'(R,R) is a real vector space.

1.) Given any functions f: R — R and ¢ : R — R, the function f + ¢ sends a real number x to
the real number f(z) + g(x). Consequently, we have that f + g € F(R,R).

2.) By definition, function addition is associative because addition of real numbers is associative.
3.) Likewise, function addition is commutative because addition of real numbers is commutative.

4.) Consider the function O : R — R defined by O(z) = 0 for all real numbers z. Given any
function f : R — R, we have that (f + O)(z) = f(z) + O(z) + f(z) + 0 = f(x) for all real
numbers x. We conclude therefore that f + O = f, i.e., f + O and f are the same function.

5.) Given any function f : R — R, we may define the function —f : R — R by (—f)(z) = — f(z).
Observe that (f+(—f))(z) = f(z)— f(x) = 0 = O(z) for all real numbers x and f+(—f) = O.

6.) Given any function f : R — R and any real number «, it holds that (af)(z) = af(x) is a real
number for all real numbers z, from which it follows that af € F(R,R).

7.) Given any function f: R — R, we have that (1f)(z) = 1f(x) = f(z) for all real numbers z.

8.) Given any function f : R — R, we have that a(8f) = (af)f for all real numbers o and £:
indeed, we have that (a(8f))(x) = a(Bf)(z) = (af) f(z) for all real numbers z.

9.) Given any functions f: R — R and ¢ : R — R, we have that a(f + ¢g) = af + ag for all real
numbers « because it holds that o(f+g)(z) = o[f(x)+g(z)] = af(z)+ag(z) = (af+ag)(x).

10.) Given any function f : R — R, we have (o + ) f = af + ff for all real numbers o« and 3
because it holds that ((a + 8)f)(x) = (a+ B)f(z) = af(x) + Bf(x) = (af + Bf)(zx).
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Given any vector 0y of a vector space V satisfying property (4.) of Definition , we say that
Oy is a zero vector. We demonstrate that a vector space V' has one and only one zero vector.

Proposition 3.2.9. Given any vector space (V,+), let Oy be a zero vector of V.

1.) Given any vector u € V satisfying that u+ v = v for every vector v € V. it must hold that
u = 0y. Consequently, the zero vector of a vector space is unique.

2.) We have that Ov = Oy for all vectors v € V.

Proof. (1.) Observe that if u is any vector of V' with the property that u+ v = v for every vector
v of V| then it holds u 4+ 0y = u by definition of a zero vector Oy. Conversely, we have that
u + 0y = 0y by assumption. We conclude therefore that u = u + 0y = Oy so that u = Oy.

(2.) Given any vector v € V, we obtain a vector Ov € V satisfying that Ov = (04 0)v = Ov+0v.
Consequently, by properties (2.) and (5.) of Definition , there exists a vector —0v of V' such
that Ov = 0v + Oy = OV + [0V + (—0V)] = (0v + 0v) + (—0v) = Ov + (—0v) = Oy O

Generally, throughout all of mathematics, one of the primary means of classifying an object is to
study its subobjects. Given any vector space V, we say that a subset W of V' is a vector subspace
of V' (or simply a subspace of V) if the ten properties of Definition hold for W with respect
to the addition and scalar multiplication of V. We provide next a short criterion for subspaces.

Proposition 3.2.10 (Three-Step Subspace Test). Given any subset W of a vector space (V,+), we
have that (W, +) is a vector subspace of V' if and only if the following three properties hold.

1.) We have that Oy is an element of W.
2.) We have that v +w is an element of W for any pair of vectors v,w € W.

3.) We have that aw is an element of W for all scalars a and all vectors w € W.

Proof. Certainly, if W is a vector subspace of V, then by Definition , it satisfies the second and
third properties listed above. Even more, we may consider the zero vector Oy, of W. Considering
that W is a subset of V, we may view Oy as an element of V' so that Oy + Oy = Oy = Oy + Oy
Cancelling Oy from both sides of this identity yields that Oy, = 0y, as desired.

Conversely, we will demonstrate that if W is any subset of a vector space V' that satisfies the
three properties listed above, then it must satisfy all ten properties of Definition . Considering
that W is a subset of V/ it satisfies properties (2.), (3.), and (7.) through (10.); it satisfies properties
(1.), (4.), and (6.) by assumption; hence it suffices to prove that it satisfies property (5.). By the
third property above, we have that —w is an element of W for all vectors w € W; then, by the
second property above, we have that w+(—w) is an element of W that satisfies w+(—w) = 0. [

Example 3.2.11. Consider the real vector space R™*" of real m x n matrices. Consider the subset
W = {A € R™*" | the first row of A is zero}. Observe that the m x n zero matrix O,,x, lies in W
because the first row of O,,y,, is zero; the sum of any matrices A and B of W lies in W because the
first row of A + B is the sum of the first row of A and the first row of B, and both of these rows
are zero; and the scalar multiple cA of any matrix A € W lies in W for all real numbers ¢ because
the first row of cA is ¢ times the first row of A, and this is zero because the first row of A is zero.
By the , we have that W is a real vector subspace of R"*",
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Example 3.2.12. Consider the real vector space R™*" of real n x n matrices. Consider the subset
W ={A € R | A is symmetric}. Observe that the n x n zero matrix O,,x, lies in W; the sum of
any matrices A and B of W lies in W because (A + B)T = AT + BT by Proposition : and the
scalar multiple cA lies in W for all real numbers ¢ by | , Exercise 6] on page 47. Consequently,
we conclude that W is a real vector subspace of R"*" by the

Example 3.2.13. Consider the real vector space F(R,R) of functions f : R — R and its subset
C'(R) of functions f : R — R such that f’ is continuous. Clearly, the zero function O : R — R
is continuous. Likewise, the sum of continuous functions is a continuous function, hence if f’ and
g’ are continuous, then (f + g)’ = f' + ¢’ is continuous. Last, the scalar multiple of a continuous
function is continuous, hence if f” is continuous, then (af) = af’ is continuous for all real numbers
«. We conclude that C!(R) is a real vector subspace of F'(R,R) by the

Example 3.2.14. Consider the real vector space C'(R) of functions f : R — R such that f’ is
continuous. Consider the set W = {f € C}(R) | f(0) = 0}. Clearly, the zero function O : R — R
lies in W because it satisfies that O(0) = 0; the sum of any functions f and g of W lies in W
because we have that (f+¢)(0) = f(0) +¢(0) = 0+ 0 = 0; and the scalar multiple af of a function
f € W satisfies that (af)(0) = af(0) = a-0 = 0, so it must lie in W for all real numbers a. We
conclude that W is a real vector subspace of C'(R) by the

Example 3.2.15. Consider the real vector space R™*" of real n x n matrices. Consider the subset
W ={A € R | A is invertible}. Observe that the n x n zero matrix O,,«, is not invertible, hence
it does not lie in W. By the , we conclude that W is not a vector subspace
of R™*". Even more, the subset W’ = {4 € R™™ | A is not invertible} does not constitute a vector
subspace of V: all though the n x n zero matrix O,,x, lies in W’ this set does not satisfy the first
property of Definition because the n x n identity matrix is the sum of non-invertible matrices.

Using the , we furnish even shorter characterizations of a subspace.

Proposition 3.2.16 (Two-Step Subspace Test). Given any nonempty subset W of a vector space
(V,+), we have that W is a vector subspace of V' if and only if the following two properties hold.

1.) We have that v +w is an element of W for any pair of vectors v,w € W.
2.) We have that aw is an element of W for all scalars a and all vectors w € W.

Proof. By the , if W' is a vector subspace of V| then these conditions hold.
Conversely, if the second condition above holds, then it follows that —w is an element of W for all
elements w of W. Likewise, if the first condition holds, then by assumption that W is nonempty, we
have that Oy = w + (—w) is an element of W; we are done by the . O

Proposition 3.2.17 (One-Step Subspace Test). If W is any nonempty subset of a vector space V,
then W is a subspace of V' if and only if av + fw € W for any vectors v,w € W and scalars «, 3.

Proof. By the , if W is a vector subspace of V, then these conditions must
hold. Conversely, if av + fw lies in W for any vectors v,w € W and any scalars a and 3, then
v+w=1v+1lw € W and aw = 0v + aw € W; we are done by the Two-Step Subspace Test. [

We will distinguish in our next propositions two very important vector subspaces.
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Proposition 3.2.18. Consider any vector space (V,+) with a pair of vector subspaces U and W.

1.) Let U+ W denote the collection of all vectors u+w such that u is a vector of U and w is a
vector of W. We have that U + W is a vector subspace of V' that contains both U and W.

2.) Let UNW denote the collection of all vectors v such that v is a vector of both U and W. We
have that U N W is a vector subspace of V' contained in both U and W.

Proof. We leave this as an exercise for the reader to prove by the .o O

3.3 Chapter Overview

This section is currently under construction.
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